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PREFACE 
The theory of submanifolds of an almost Hermitian manifold has been 
one of the most interesting topics in differential geometry. According to the 
behavior of the tangent bundle of a submanifold with respect to the almost 
complex structure J of the ambient manifold, there are two well known classes 
of submanifolds, the complex submanifolds and the totally real submanifolds. 
The study of complex submanifolds of a Kaehlerian manifold with a differen-
tial geometric point of view (that is, with emphasis on the Riemannian met-
ric) was initiated by E. Calabi and others in the early 1950's (cf. [10]). On 
the other hand, the study of totally real submanifolds from the differentiable 
geometric point of view was initiated in the early 1970's (cf. [12],[13],[41],[58] 
etc.). Since then many differential geometers have contributed many inter-
esting results in this subject. A. Bejancu [2] provided a single setting to 
study these submanifolds by introducing CR-submanifolds of Kaehler mani-
folds. CR-product submanifolds are defined as the Riemannian products of a 
holomorphic and totally real submanifolds of an almost Hermitian manifold 
and therefore can be assmned to be a special case of CR-submanifolds. B. 
Y. Chen [15] obtained various conditions under which a CR-submanifold of 
a Kaehler manifold reduces to a CR-product submanifold. 
A more general class of product manifolds, known as warped product man-
ifold was ear her defined by Bishop and O'Neill [6] while constructing example 
of manifolds of negative curvatures. These manifolds appear in differential 
geometric studies in a natural way and form the main theme of the dis-
sertation. A warped product of the manifolds Mi and M^ is denoted by 
Ml Xf M2, where / is a differentiable function on Mi. Ever since S. Nolker 
[47] gave an expUcit description of the warped product representation of the 
Euclidean space, there have been studies of warped product spaces with ex-
trinsic geometric point of views. However more recently the studies of the 
warped product manifolds with extrinsic geometric point of view are inten-
sified after the imptilse given by B.Y. Chen when he initiated the study of 
CR-submanifolds as warped products in a Kaehler manifold (cf. [18], [19]). 
In view of the various applications of warped product manifolds, some other 
warped product manifolds in different settings were later investigated by 
V.Bonanzinga and K. Matsumoto [9], V. Khan et. al [38] and , N. Jamal 
et. al [32]. The present dissertation gives an account of these works and the 
related problems in this area. 
n 
The dissertation comprises of five chapters. Each chapter is divided into 
various sections. The Mathematical relations obtained in the text have been 
labeled with double decimal nimaberings. The first figiure denotes the chapter 
number, second represents the sections and the third points out the number 
of Theorem, Lemma, Proposition, Definition or the equation as the case may 
be, for example Theorem 3.2.4 refers to the fourth theorem of section 2 in 
the third Chapter. 
The first chapter is introductory and serves the purpose of fixing the nota-
tions and developing the basic concepts keeping in view of the pre-requisites 
of the subsequent chapters and also to laake the dissertation self contained. 
As the theme of the dissertation is waxped product submanifolds in vaxious 
ambient manifolds, we have collected some basic results on the geometry of 
CR and generic submanifolds of Kaehler manifolds in Chapter 2. Integrabil-
ity conditions of the canonical distributions on a generic and CR-submanifold 
of Kaehler manifold are discussed and the geometry of the leaves of the dis-
tributions are studied. The relevant results from the paper of B.Y. Chen [15] 
are incorporated in the chapter. 
Chapter 3 is devoted to the study of warped product manifolds with intrin-
sic and extrinsic point of view. In fact, Bishop and O'Neill [6] in their initial 
paper found various fundamentally important geometric properties of warped 
product manifolds with intrinsic geometric point of view. These properties 
play important role in exploring even extrinsic differential geometric proper-
ties of warped product manifolds in various ambient manifolds. B.Y. Chen 
[18] initiated the study of warped product submanifolds of a Kaehler mani-
fold. Thatis, submanifolds of the type NX^/NT and NTX^/NX in a, Kaehler 
manifold M where NT and N± are respectively holomorphic and totally real 
submanifolds of M. He proved that the non-trivial warped product subman-
ifolds of the type N± x y NT are non-existent in Kaehler manifolds whereas he 
and others found many examples of warped product submanifolds of the type 
NT X / N± in Kaehler manifolds. An estimate of the squared norm of the sec-
ond fimdamental form is obtained for the CR-warped product submanifolds 
in Kaehler manifolds. B. Sahin [49] extended the study to semi-slant warped 
product submanifolds of Kaehler manifolds, namely the submanifolds of the 
type Ng Xf NT and NT Xf NQ where Ne is a proper slant submanifold of the 
underlying Kaehler manifold. He showed that these submanifolds are also 
non-existent. An Eiccount of these studies is presented in Chapter 3. 
Chapter 4 is devoted to the study of warped product submanifolds of nearly 
m 
Kaehler manifolds. V.A. Khan et. al [36] established the non-existence of 
warped product CR-submanifolds. With regard to the extrinsic geometric 
features of a CR-warped product submamfolds of a nearly Keiehler manifold, 
an estimate for the squared norm of the second fundamental form is obtained 
in Chapter 4 (cf. [39]). 
The study of warped product submanifolds is extended to the setting of 
locally conformal Kaehler manifold by K. Matsumoto [42] . Chapter 5 is 
devoted to the study of warped product submanifolds of l.c.K. manifolds. As 
a step forward, generic warped product submanifolds of l.c.K. manifolds are 
considered by N. Jamal and V.A. Khan [32]. They devised the method to 
construct generic warped product submanifolds of l.c.K. manifolds. The re-
sults are strengthened by an example. All these investigations are presented 
in Chapter 5. 
In the end of the dissertation, references have been given which by no 
means are comprehensive but mention only the papers and books referred to 
in the main body of the dissertation. 
IV 
CHAPTER 1 
INTRODUCTION 
The aim of this chapter is to introduce basic concepts, preUminary notions 
and some fundamental results that are required for the development of the 
subject in the present dissertation. In this chapter we have given a brief re-
sume of some of the results in the geometry of almost Hermitian manifolds, 
some allied structures and the geometry of submanifolds of these manifolds. 
Although most of these results are readily available in review articles and 
some in standard books, e.g., Nomizu and Kobayashi [40], B.Y.Chen [11], 
Yano and Kon [60] etc., nevertheless we have collected them here to fix up 
our terminology and for ready references. 
1.1. Smooth Manifolds 
A differentiable manifold is, roughly speaking, a space which locally looks 
like MP' and on which we can talk of C^-functions for 1 < A: < oo. Formally, 
we can define manifold as follows 
Definition 1.1.1. Let M be a set. Assume that there exists a collection 
of subsets {Ua '• ct € A} on M with the following properties 
(i) \jUa = M 
aeA 
(ii) There exists a bijective map (pa from Ua onto an open subset (l>a{Ua) 
of R"* for each a e A with m a non-negative integer. 
(iii) The following compatibifity condition holds: 
There exists a non-negative integer k such that the map 
0 a O (l>p^ •• MUa n Up) - ^ <j)a{Ua H Up) 
is C*^ , for all a, ;5 6 A, whenever UadUp is non-empty. 
The object (M, {(Ua, ^o) '• oi G 4^}) is called a C'^-manifold. The collection 
{{Ua, (t>a) : o; e A} is called a C^-atlas on M. The members of the atlas are 
1 
called charts or co-ordinate charts. They axe called co-ordinate charts since 
they give a system of local co-ordinates. An atlas is said to be smooth if it is 
a C'^-atlas for all k E N. A manifold equipped with a smooth atlas is called 
a differentiable or smooth manifold. The integer m is called dimension of M. 
Following axe some examples of difiFerentiable manifolds. 
Example 1.1.1. The most common example of a differentiable manifold 
is R". If M = R", U = M and ^ is the identity map, then (C/, 0) is a co-
ordinate system covering K". 
Example 1.1.2. The circle S^ = {{x,y) eR^ : x^ Jty^ = 1} \s a. differen-
tiable manifold of dimension 1. 
Example 1.1.3. The two dimensional torus T^ = 5^ xS'Ms a 2-dimensional 
differentiable manifold. 
Example 1.1.4. The sphere 5^ = {{x,y,z) eR^ : x^ -\- y^ + z^ ^ 1} is a 
2-dimensional differentiable manifold. 
Definition 1.1.2. Let M be a differentiable manifold with dimension m 
and p £ M. We denote by J^{p) the algebra of differentiable functions defined 
in a neighbourhood of p. Let 7(<), (a < t < b) he a curve passing through 
p with 7(fo) = P- The vector tangent to the curve 7(f) at p is a mapping 
Xp : T{p) —> R defined by 
(l-l .l) ^p ( / ) = | ( / o 7 ) U 
The mapping Xp satisfies the following conditions 
{i) Xp{af + bg) = aXpf + bXpQ 
(ii) Xpif.g) = m.Xpig)+g{p).Xpif) 
for all f,g E ^ip)- I^ i general, a tangent vector on a manifold at a point p 
is characterized by the properties (z) and {ii). The set of all tangent vectors 
at a point p 6 M, is a real vector space of dimension m, called tangent space 
and is denoted by Tp{M). 
Let {U, 4>) be a co-ordinate chart with a co-ordinate system (x*) and p EU 
such that 0(p) = 0 (such co-ordinate system exists). For any / G ^ (p) , let 
(1.1.2) a |) ' '<^' = a|)(^°*"'"° 
where (w*) are the natural co-ordinates on R"*. It is easy to check that -g^ \p 
is a tangent vector at p. 
A vector field X on a manifold M, is a correspondence that associates to 
each point p e M a tangent vector Xp at p. Locally, we can express a vector 
field as 
^ ^ 'd{x') 
on a neighbourhood with a local co-ordinate system (a;'), 1 < i < m where 
^\x) are diff^erentiable functions on M. Hence, a vector field can be regarded 
as a derivation on the algebra of smooth functions on M. The space of all 
smooth vector fields on a smooth manifold M forms a Lie-algebra with Lie-
product of vector fields X and Y, defined as 
(L1.3) [X,Y]pf = Xp{Yf) - Yp(Xf) 
Definition 1.1.3. Let a be a co-variant tensor of order p (set of all 
covariant tensors of order p is denoted by ((<8))''7Af) .^nd Sp, the permutation 
group of p integers (1,2, ,p). Then TT e Sp is a. linear mapping of {{'S>yTjlf) 
into itself defined by the relation 
(7ra)(Xi, ....,Xp) = a(X^(i), ....,X^^)) 
a is symmetric iff 7ra = a, and a is completely skew-symmetric or alternating 
if TTQ; = (sign IT) a where sign TT = -|-1 or -1 according as TT is even or odd 
permutation. 
A p-form (exterior differentiable form of degree p ) is a field of alternating 
p-cotensors. 
Definition 1.1.4. A distribution D of dimension r on a manifold M 
is an assignment to each point p of M, an r-dimensional subspace Dp of 
Tp{M). It is called differentible if every point p has a neighbourhood U and 
r-differentible vector fields on U, say Xi, X2,...., X^ which form a basis of Dq 
at every q E U. The set Xi,X2, ....,Xr is called a local basis of D inU. A 
vector field X is said to belong to D if Xp E Dp for all p e M. D is called 
involutive if [X, Y] e D whenever two vector fields X,Y e D. 
A connected submanifold iV of M is called integral manifold of the distri-
bution D if f*{TpN) = Dp for all p G AT, where f is the embedding of N into 
M. If there is no other integral manifold of D which contains N, then N is 
called a maximal integral manifold of D. The classical theorem of Probenius 
can be formaluted as follows 
Theorem 1.1.1. [40] Let D be an involutive distribution on a manifold M. 
Through every point p E M, there passes a unique maximal integral manifold 
N(p) of D. Any integral manifold through p is an open submanifold of N(p). 
1.2. Riemannian Manifolds and Submanifolds of a 
Riemannian Manifold 
To study the geometry of a smooth manifold, we initially need to have 
a Riemaimian metric on it, i.e., a positive definite iimer product on the 
tangent bundle TM of the Riemannian manifold M. To be more precise, by 
a Riemannian metric g on a manifold M, we mean a map: p —v gp, where 
gp is a positive definite inner product on Tp{M). We require this map to be 
smooth in the sense that the function 
P -^ 9ij{p) = 9p{-^, \p, ^ lp) 
is smooth for all i,j on any chart {U,p). This smoothness condition is same 
as requiring that for all vector fields X, Y on M, the map 
p —^ gp{Xp, Yp) 
is smooth. On a paracompact manifold, there exists a Riemannian metric. 
A smooth manifold with a Riemannian metric is said to be a Riemannian 
manifold. 
Fundeunental Theorem of Riememniem Geometry [60]. On every Rie-
mannian manifold {M, g) there exist a unique connection V satisfying the 
following conditions: 
(i) The torsion T vanishes, i.e. 
r (X, Y) = VxY - VyX - [X, Y] = 0. 
(ii) g is parallel, i.e., (V^^) = 0. 
The connection V is called Riemannian connection (or, Levi-Cimta con-
nection). The Levi-Civita connection of a manifold M is characterized by 
Koszul formula 
2giVxY, Z) = XgiY, Z) + Yg{Z, X) - Zg{X, Y) 
- g{X, [Y, Z]) + g{Y, [Z, X]) + g{Z, [X, Y]) 
for any vector fields X, Y and Z on M. 
The cmrvature tensor Rona. manifold M with connection V is defined by 
R{X, Y)Z = VX^YZ - VYVXZ - V[X,Y]Z 
We now define 
K{X,Y;Z,W) = giRiX,Y)Z,W) 
which is a (0,4) tensor and is called the Riemannian curvature tensor. 
Let X and Y be two linearly independent vectors at a point p and 7(X, Y) 
be the plane section spanned by X and Y. The sectional curvature A;(7) for 
7 is defined by 
(1.2.1) fc(7)= ^ ( ^ . ^ ; ^ > n 
g{X,X)g{Y,Y)-g{X,Yy 
It is easy to see that the A; (7) is miiquely determined by the plane section 
7 and is independent of the choice of X and Y" on it. 
If A;(7) is constant for all plane section 7 in the tangent space Tp{M) at p 
and for all points p E M, then M is called a space of constant curvature. 
Theorem 1.2.1. Let M be a Riemannian manifold of dimension n > 2. 
If the sectional curvature k{'y) depends only on the point p, then M is a space 
of constant curvature. 
A Riemannian manifold of constant sectional curvature is known as a real 
space form. The curvature tensor Roia. real space form of sectional curvature 
c is given by 
R{X, Y)Z = c{g{Z, Y)X - g{Z, X)Y} 
for any vector fields X, Y and Z tangent to the real space form. 
A Riemannian manifold of constant curvatvue is said to be elliptic, hy-
perbolic or flat (or locally Euclidean) according as the sectional curvature is 
positive, negative or zero. These spaces are called space forms. 
If an n-dimensional diflFerentiable manifold M admits an immersion 
f:M—^M 
into an m-dimensional manifold M, then M is said to be a submanifold of 
M. Naturally n < m. If M is a Riemannian manifold with a Riemannian 
metric g, then M admits a Riemannian metric induced from M which we will 
denote by the same symbol g. The immersion / is said to be an isometric 
immersion if the differentiable map 
f^:TM ^y TM 
preserves the Riemannian metric, that is for any X,Y E TM, 
(1-2.2) gif^XJ.Y) = giX,Y) 
When only local questions are involved, we shall identify TM with /^.(TM) 
through the isomorphism /». Hence, a tangent vector in TM tangent to M, 
shall mean a tangent vector which is the image of an element in TM under 
/*. More generally, a C°°-cross section of the restriction of TM on M, shall 
be called a vector field of M on M. Those tangent vectors of TM which are 
normal to TM form the normal bundle T-'-M of M. Hence, for every point 
p G M, the tangent space Tf^)(M) admits the following decomposition 
T;(,)(M) = T,(M)erpL(M) 
The Riemannian connection V of M induces canonically the connection V 
and V"*- on TM and T-^M respectively governed by Gauss and Weingarten 
formulae viz. 
(1.2.3) VxY^VxY + hiX,Y) 
(1.2.4) VxN = -ANX + Vj^N 
for X,Y e TM and TV 6 T-^M. h and A are the second fundamental form 
and the shape operator respectively. They are related as 
(1-2.5) g{hiX,Y),N)^g{ANX,Y) 
Looking into Gatiss and Weingarten formulae, one can classify the submani-
folds, putting conditions on h as follows: 
Definition 1.2.1. A submanifold for which the second fundamental form 
h is identically zero is called a totally geodesic submanifold. 
Definition 1.2.2. A submanifold is called a totally umbilical submanifold 
if its second fundamental form h satisfies 
(1.2.6) . h{X,Y)=g{X,Y)H 
for any X,Y e TM where 
1 " 
H=-Y\ Heu ei) 
n T^ 
t=i 
is the mean curvature vector, where (ei)i<i<n is a local orthonormal basis in 
TM. The squared norm of the second fundamental form h is defined by 
n n 
(1.2.7) II h |P=5^^p(/i(ei ,e,) ,Mei,e,)) 
Definition 1.2.3. A submanifold is called a minimal submanifold if the 
mean cvirvature vector vanishes identically i.e., H — 0. 
For the second fundamental form h, we define the covariant differentiation 
V with respect to the connection V in TM by 
(1.2.8) {Vxh){Y, Z) = Vi/i(y, Z) - hiVxY, Z) - h{Y, VxZ) 
for X,Y,Z e TM. 
Let R and R denote the curvature tensors of the connections on M and 
M respectively, then the equation of Gauss, Codazzi and Ricci are given by 
(1.2.9) R{X, Y; Z, W) = R{X, F; Z, W) + g{h{X, W), h{Y, Z)) 
-g{h{X,Z)My,W)) 
(1.2.10) [R{X, Y), Z]^ = {Vxh)iY, Z) - {Vyh^X, Z) 
(1.2.11) R{X,Y;NiN2) - RHX,Y;NI,N2) -g{[AN„AN,]X,Y) 
for X, Y,Z,W e TM and Ni,N2e T^M, where ± denotes the normal com-
ponent. 
A submanifold M of M is called auto-parallel if for each X E Tp{M) and 
for each cvirve 7 in M starting from p, the parallel displacement of X along 
7 (with respect to the affine connection Vof M ) yields a vector field tangent 
to M. Thus, a distribution D on a manifold M is parallel if V ^ ^ ^ D for 
each X,Y e D. It is straightforward to observe that a parallel distribution 
is integrable and its leaves are totally geodesic in M. 
Note 1.2.1. Let {M,g) be a Riemannian manifold and J9° denote the 
orthogonal complement of a distribution D on M. Then it is easy to observe 
that if D is M-parallel then both D and D° are parallel. In other words the 
leaves of D and Z)° are totally geodesic in M. That is, M is the Riemannian 
product of the leaves of D and £)°. 
Let (Mi,pi) and (M2,p2) be two Riemannian manifolds with Riemannian 
metric gi and ^2 respectively. Then the product manifold M = Mi x M2 is 
a Riemannian manifold endowed with the Riemannian metric g defined as 
(1.2.12) giU, V) = giidmU, dinV) + giidniU, dn^V) 
where d'Ki{i = 1,2) are the differentials of the projections TTJ : Mi x M2 —^  Mj. 
R.L. Bishop and B. O'Neill [6] introduced the notion of warped product 
manifolds while investigating manifolds of negative curvatures. These man-
ifolds appear as a generalized version of Riemannian product of manifolds. 
In fact, the warped product of two manifolds Mi and M2 is obtained by 
homothetically warping the product metric on to the fibers x x M2 for each 
X E Ml. Formally speaking the warped product manifolds are defined as 
Definition 1.2.4. [6] Let (Mi,gi) and (M2,P2) be two Riemannian man-
ifold with Riemannian metric gi and ^2 respectively and / a positive dif-
ferentiable fvmction on Mi. The warped product Mi Xf M2 is the manifold 
Ml X M2 endowed with the Riemannian metric g defined as 
(1.2.13) g-Kigi) + {foT^ifni92). 
More exphcitly, if U is tangent to M = Mi X/ M2 at (p, q), then 
^'^ WdiTiUf + f{p)\\d7r2U\\\ 
8 
the function / is known as the warping function. 
A waxped product manifold is called a trivial warped product if the warping 
function / is constant. In other words, a trivial warped product Mi X/ M2 is 
nothing but a Riemannian product Mi x M / , where M / is the Riemannian 
manifold with Riemannian metric pg2 which is homothetic to original met-
ric g2 of M2. 
Example 1.2.1. A surface of revolution is a warped product with leaves 
the different positions of the rotated curve and fibres the circles of revolution. 
More exphcitly, if M is obtained by revolving a plane curve C about an axis 
in E^ and / : C —)• R+ gives distance to the axis, M — C Xf S^{1) is a. 
warped product manifold. Here S^{1) denotes the unit circle. 
Exeunple 1.2.2. In spherical co-ordinates, the Une element of R^ — {0} 
is 
ds^ = dr^ + r^de"^ + sin'^ed(f>^) 
Setting r = 1 gives the line element of unit sphere S^. Evidently M.^ — {0} is 
diffeomorphic to R"*" x S^ under the natural map {t,p) i—> tp. Thus the for-
mula for ds"^ shows that R^ — {0} can be identified with the warped product 
R^ Xr S^. In R^ — {0} the leaves are the rays from the origin and the fibres 
are the spheres S'^{r),r > 0. In general, R" — {0} is naturally isomorphic to 
R+ x ^ 5 " - ^ 
Example 1.2.3. The standard space-time models of the universe are 
warped products, as are the simplest models of neighboiurhoods of stars and 
black holes. 
Every Riemannian manifold of constant scalar curvature c can be locally 
expressed as a warped product whose warping function satisfies A / = of. 
For example ^"( l ) is locally isometric to ( - | , | ) xcost ^""S R" is locally 
isometric to (0,00) x^ 5 " " ^ i f"~^(- l) is locally isometric to R Xgx R""^. 
R. L. Bishop and B. O'Neill [6] obtained the following results for a warped 
product manifold which we have used extensively in our subsequent analysis 
of the subject. 
Proposition 1.2.1. Let M = Mi Xf M2 be a warped product manifold. 
IfX,Ye TMi and Z,W e TM2, then 
(i) VxY e TMi, 
(ii) VxZ - VzX = (Xlnf)Z, 
(in) nm-iVzW) = -g{Z, W)Vlnf 
where V is the Riemannian connection on M and nor(VzW) denotes the 
component of VzW in TMi and V / (OT grad f) is defined as g{Vf, X) = 
Corollary 1.2.1. In a warped product manifold M = Mi Xf M2, 
(i) Ml is totally geodesic in M 
(ii) M2 is totally umbilical in M. 
We have the following result of S.Hiepko [31] which is applied by many 
authors to ensure the existence of a warped product submanifold in a given 
ambient manifold. 
Theorem 1.2.2. Let F be a vector subbundle in the tangent bundle of a 
Riemannian manifold M and let F-^ be its normal bundle. Assume that the 
two distributions are both involutive and the integral manifolds of F (resp. 
F^) are totally geodesic (resp. extrinsic spheres). Then M is locally isomet-
ric to a warped product Mi Xf M2, where Mi and M2 are the leaves of F 
and F-^ respectively. Moreover, if M is simply connected and complete, there 
exists a global isometry of M with a warped product. 
1.3. Structures on Manifolds 
Further refined information can be had by knowing additional structures on 
the manifold, for example almost complex, almost Hermitian, Kaehler, nearly 
Kaehler, locally conformal Kaehler and almost contact structures [40],[60]. 
In this section, we briefly discuss some of these structures. 
In what follows, we shall take a differentiable manifold M that is connected 
and paracompact, so that it can always be endowed with a Riemannian met-
ric g and a Riemannian connection V. 
Given a smooth real valued function / on a Riemannian manifold M en-
dowed with a Riemannian metric g and the Levi-Civita connection V, the 
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graxiient and Laplacian of / , denoted respectively as V / and A / , are defined 
by 
(1.3.1) 9C^f,U)^Uf, 
and 
n 
(1-3.2) A / = J ] { e , ( e , / ) - (Ve,e,)/} 
i= i 
for each U G TM, where TM is the tangent bundle of M and {ei, 62,...., e„} 
is a local frame of orthonormal vector fields on M. 
An almost complex structure on a real differentiable manifold M is a tensor 
field J which is at every point p G M, an endomorphism of the tangent space 
Tp(M) i.e., Jp : TpM —y TpM such that J^ = -I where I denotes the 
identity transformation on Tp{M). A manifold with a fixed almost complex 
structure is called an almost complex manifold. On a paracompact almost 
complex manifold, there is always a Riemannian metric g consistent with the 
almost complex structure J satisfying 
(1.3.3) g(JX,JY)=g{X,Y) 
for all X,Y E TM, by virtue of which g is called a Hermitian metric. An 
almost complex (resp. complex) manifold with a Hermitian metric is called 
an almost Hermitian (resp. Hermitian) manifold. 
The fimdamental 2-form 0 of an almost Hermitian manifold M with an 
almost complex structure J and metric g is defined by 
(1.3.4) niX,Y) = g{JX,Y) 
since g is invariant by J, so is 17, i.e., 
(1.3.5) n(JX,JY) = Q(X,Y) 
for all vector fields X, Y in TM. 
The almost complex structure J is not, in general, parallel with respect to 
the Riemannian connection defined by the Hermitian metric g. In fact, we 
have the following formula 
(1.3.6) Ag{{VxJ)Y,Z) = 6d^{X, JY, JZ)-Mn{X,Y, Z) +g{N{Y,Z), JX) 
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for any vector fields X, Y, Z on M, where N denotes the Nijenhuis tensor of 
J. In general, the Nijenhuis tensor field of a (l,l)-tensor A on a manifold M 
is a (l,2)-tensor field defined by 
(1.3.7) N{X, Y) = [AX, AY] + A^[X, Y] - A[X, AY] - A[AX, Y] 
In particular, the Nijenhuis tensor of J is given by 
(1.3.8) N{X, Y) ^ [JX, JY] - [X, Y] - J[X, JY] - J[JX, Y] 
It is easy to verify that the Nijenhuis tensor of J satisfies 
(1.3.9) N(JX, Y) = N{X, JY) = -JN{X, Y) 
for all vector fields X, Y on M. The vanishing of the Nijenhuis tensor N of 
J is the necessary and sufiicient condition for an almost complex manifold 
to be a complex manifold. 
If we extend the Riemannian connection V to be a derivative on the tensor 
algebra of M, then we have the following formula 
(1.3.10) {^xJ)Y = VxJY - JVxY 
Definition 1.3.1. A Hermitian metric on an almost complex manifold 
is called a Kaehler metric if the fundamental 2-form fi is closed. A complex 
manifold equipped with a Kaehler metric is said to be a Kaehler manifold. 
Thus by formula (1.3.6), an almost complex manifold M is Kaehler if and 
only if 
(1.3.11) (VxJ)Y = 0 
for aH X,Y e TM. In this case, the connection V on M is said to be the 
Kaehlerian connection. 
There is a more general condition than the condition (1.3.11) namely 
(1.3.12) {VxJ)X = 0 
for all vector fields X. An almost Hermitian manifold characterized by the 
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above condition is said to be a nearly Kaehler manifold. The unit 6-sphere 
admits a nearly Kaehler structure described in the following example. 
Exeunple 1.3.1. [24]. Let S^ be the 6-dimensional imit sphere defined as 
follows. Let E"^ be the set of all purely imaginary Cayley numbers. Then E"^ 
is the 7-dimensional subspace of Cayley algebra C. Let {1 = eo, ei, , 67} be 
a basis of the Cayley algebra, 1 being the unit element of C. If X = X)I=i ^ * i^ 
and Y = Ylii=i V^^i ^® ^^° elements of E"^, one defines the scaler product in 
E'hy 
7 
i= l 
and the vector product by 
X xY = y ^ x*y*ei • Sj, 
•k being the multiphcation operation of C given in the following table: 
Cj ?\ ti'i 
i/j 
1 
2 
3 
4 
5 
6 
7 
1 
0 
-63 
62 
-65 
64 
-67 
. ee 
2 
63 
0 
-ei 
-66 
e? 
64 
-65 
3 
-62 
61 
0 
67 
66 
-65 
-64 
4 
65 
66 
-67 
0 
-61 
-62 
63 
5 
-64 
-67 
-66 
61 
0 
63 
62 
6 
67 
-64 
65 
62 
-63 
0 
-61 
7 
-66 
65 
64 
-63 
-62 
61 
0 
Consider the 6-dimensional unit sphere S^ in E"^: 
S^ = {XeE'':9{X,X) = l} 
The scaler product in E"^ induces the natural metric tensor field g onS^. The 
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tangent space TxS^ a.t X £ S^ can naturally be identified with the subspace 
of E"^ orthogonal to X. Define the endomorphism Jx on TxS^ by 
JxY ^XxY, far Ye TxS^ 
It is easy to see that 
6 9{JxY, JxZ) = g{Y, Z), Y,Z E TxS' 
The correspondence X —> Jx defines a tensor field J such that J^ = —/. 
Consequently, S^ admits an almost Hermitian stucture {J,g). This structure 
is a non-Kaehler nearly-Kaehlerian structure. 
Lemma 1.3.1. [60] On a nearly Kaehler manifold M, we have 
(i) iVjvJ)U = J{VuJ)V; 
{ii) N{U,V) =-SJ{VuJ)V, 
for all vector fields U, V on M. 
Definition 1.3.2. An almost Hermitian manifold {M,J,g) is called a 
locally conformal Kaehler (briefly l.c.K.) manifold if for any x E M, there 
is an open neighbourhood U such that for some differentiable function A : 
U —>• R, the conformal metric g' = e~^g |i/ is a Kaehler metric on U i.e., 
V(e~'^ J) = 0 where V denotes the covariant diff^erentiation with respect to 
g'. li U = M, then the manifold M is called a globally conformal Kaehler 
(briefly g.c.K.) manifold. 
It is known that M is l.c.K. if there is a closed 1-form a globally defined 
on M, such that dO = a A f] (cf. [55]) where fi is fundamental two-form on 
M associated with J and g. The closed 1-form a is called the Lee-form of 
the l.c.K. manifold. It is known that (M, J, g) is globally conformal Kaehler 
(respectively Kaehler) if the Lee-form a is exact (respectively a = 0). Any 
simply connected l.c.K. manifold is g.c.K. 
On an l.c.K. manifold, the Lee-vector field A = a", where ft means the 
raising of the indices with respect to g i.e., g{U, A) = oi{U) for all f/ G T{M). 
If V denotes the Levi-Civita connection on M, then we have 
(1.3.13) (Vf7J)V^ = d{V)U - a{V)JU - g{U, V)fx - n{U, V)X. 
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where 9 — a o J and /x = — JA are the anti-Lee form and the anti-Lee 
vector field, respectively [55]. In terms of the Lee-vector field, (1.3.13) can 
be written as 
(1.3.14) {VuJ)V = ^(A, JV)U - g{X, V)JU + g{JU, V)X + g{U, V)J\. 
g2n+\ X S*^  is a typical example of a compact locally conformal Kaehler 
manifold with parallel Lee-form [55]. We give a brief exposition of how the 
product manifold 5^"+^ x S^ admits the structm-e of an l.c.K. manifold. 
Example 1.3.2. Let R^"+^ be a (2n + 2)-dimensional EucUdean space 
equipped with the canonical irmer product g and {ei, e2, , e2n+i, 6271+2} the 
canonical orthonormal basis of IR^"+ .^ We denote byJo the complex structure 
on R2"+2 defined by 
jQe2m-\ = e2m, JQ^2m = -&2m-\, l<m<n+l 
Let S"^^^^ be a (2n + l)-dimensional unit sphere with the canonical Sasakian 
structure {(f>,^,ri,h) induced from the Kaehler structure {Jo,g) on R2"+2. It 
is well known that the structmre vector field ^ defines the Hopf fibration 
TT : 5^"+^ —> C P " where C P " is an n-dimensional complex projective space 
equipped with the canonical Fubini study metric of constant holomorphic 
sectional curvature 4. Let S^ = {e**, t E R and i — \/—T} be a unit circle. 
We define an almost complex structure J on M = 5^"'*'^  x S^ by 
JT = ^ and JU = (f>U, 
for any vector fields U on M such that T]{U) — 0, where T = ^ is the 
canonical unit vector field on S^. Then (52"+! x S^, J) is an l.c.K. manifold 
together with the product metric g — h+lonM~ 52n+i x S^. The Lee 
form a; of M is given by w = 2dt. 
An l.c.K. manifold M is said to be a generalized Hopf manifold if the Lee-
form a is parallel, i.e., Va = 0 on M, because a Hopf manifold, which is 
diffeomorphic to S^ x S'^""'^ 
An l.c.K. manifold M is called an l.c.K. space form if it has a constant 
holomorphic sectional cmrvature c. Then the Riemannian curvature tensor 
R of an l.c.K. space form with constant holomorphic sectional curvature c is 
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given by 
AR{X, Y, Z, W) = c{g{X, W)g{Y, Z) - g{X, Z)g{Y, W) 
+ g{JX, W)g{JY, Z) - g{JX, Z)g{JY, W) - 2g{JX, Y)g{JZ, W)} 
+ 3{P{X, W)giY, Z) - P{X, Z)giY, W) + g{X, W)P{Y, Z) 
- g{X, Z)PiY, W)} - P{X, W)g{JY, Z) + P{X, Z)g{JY, W) 
- g{JX, W)P{Y, Z) + g{JX, Z)P{Y, W) 
(1.3.15) +2{P{X,Y)g{JZ,W)+g{JX,Y)P{Z,W)} 
for any X, Y,Z,W £ TM{d. [45]). 
If A;(7) is a constant for all planes 7 in Tp(M) invariant by J and for all 
points p E M, then M is called a space of constant holomorphic sectional 
curvature. The following is a Kaehlerian analogue of Schnr's Theorem. 
Theorem 1.3.1. Let'M be a connected Kaehler manifold of complex di-
mension n > 2. If the holomorphic sectional curvature ^(7), where j is a 
plane in Tp{M) invariant by J, depends only on p, then M is a space of con-
stant holomorphic sectional curvature. 
Definition 1.3.3. [40] A Kaehler manifold M is called a complex-space-
form if it has constant holomorphic sectional cm*vature. We denote a complex-
space-form of constant holomorphic sectional curvature c by M{c). The cur-
vature tensor R of M{c) is given by 
(1.3.16) R{X, Y)Z ^ ^{g{Y, Z)X - g{X, Z)Y 
+ g{JY, Z)JX) - g{JX, Z)JY + 2g{X, JY)JZ} 
An RK-manifold (M, J, g, V) is an almost Hermitian manifold for which 
the curvature tensor R is invariant under J, i.e., 
RiJU, JV, JW, JZ) = R{U, V, W, Z) 
for any U, V,Z,W e TM 
An almost Hermitian manifold M is of pointmse constant type if for any 
peM and U e TpM 
X{U,V) = X{U,W) 
where A(C/, V) = R{U, V, JU, JV) - R{U, V, U, V) with V andW being unit 
tangent vectors at p, orthogonal to U and JU. The manifold M is said to be 
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of constant type if for any unit vectors U,V E TM with g{U, V) — g(JU, V) = 
0,X{U,V) is a constant function. 
A generalized complex space form is an RK-manifold of constant holomor-
phic sectional curvature and of constant type. A generalized complex space 
form of constant holomorphic sectional curvatvu-e c and of constant type a is 
denoted by M{c, a). Each complex space form is a generalized complex space 
form. The converse is not true. The sphere S^ endowed with the standard 
nearly Kaehler structure is an example of a generalized complex space form 
which is not a complex space form. 
The Riemannian curvatiu:e tensor R of M{c, a) has the following expression 
R{U, V)W =^!^-[g(y, W)U - giU, W)V] 
+ ^[giU, JW)JV - g{V, JW)JU 
(1.3.17) + 2g{U, JV)JW] 
1.4. Submanifolds of cin Almost Hermiticin Manifold 
The submanifolds of almost Hermitian manifolds have additional advan-
tage because of the peculiar behaviour of the almost complex structure J 
which when acts on a vector transforms it into a vector perpendicular to the 
given vector. Let M be a submanifold of an almost Hermitian manifold M. 
For any point p G M, and U G TpM, decomposing JU into tangential and 
normal parts as 
(1.4.1) JU = PU + FU. 
That is, PU e TpM and FU G T^M. Then P is an endomorphism and F 
is a normal valued 1-form on TpM. The 1-1 tensor field induced from the 
endomorphism P and the Uneax differential form induced from F are denoted 
by the same symbols P and F respectively. 
Similarly, for any vector AT normal to M, we put 
(1.4.2) JN = tN + fN, 
with tN and fN as tangential and normal components of JN respectively 
then / is a 1-1 tensor field and f is a tangential valued 1-form on T-^M. 
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The covariant differentiation of the tensors P, F, t and / are defined re-
spectively 
(1.4.3) (Vf/P)y = VuPV - PVuV, 
(1.4.4) (Vf7F)F = V^FV^ - FVt/V, 
(1.4.5) {Vut)N^VutN-tV^N, 
(1.4.6) iVuf)N = VyN-fVijN, 
Definition 1.4.1. [57] Let {M,J,g) be an almost Hermitian manifold. A 
submanifold M of M is called a holomorphic (or invariant or almost complex) 
submanifold of M if for any p E M the tangent space Tp(M) is J-invariant, 
i.e. J{Tj,iM)) = Tp{M). 
Definition 1.4.2. [58] Let {M,J,g) be an almost Hermitian manifold. 
A submanifold M isomqtrically immersed in M is called an anti-invariant 
submanifold of M (or totally real submanifold of M) if JTp(M) C T^{M) for 
each point p E M. 
Definition 1.4.3. [2] Let M be an almost Hermitian manifold with almost 
complex structmre J and Hermitian metric g, then a submanifold M of M is 
said to be a Cauchy Riemannian submanifold (or in short a CR-submanifold) 
if there exists a differentiable distribution D : p —> Dp C Tp{M), (p G M) 
on M satisfying the following conditions: 
(i) D is invariant i.e. JDp = Dp for all p E M. 
(ii) The complementary distribution D^ : p —> Dp C Tp{M),p 6 M is 
anti-invariant i.e., JDp C T^{M) for all p e M. 
The distributions D and D^ on M are known as holomorphic and totally 
real distributions respectively. 
If dim Dp =dim T^M, then the CR-submanifold is an anti-holomorphic 
submanifold. A CR-submanifold M is called proper if it is neither holo-
morphic nor totally real, i.e., both the distributions D and D-^ on M are 
non-trivial. 
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Definition 1.4.4. [15] A submanifold of an almost Hermitian manifold 
M is said to be a CR-product if it is locally a Riemannian product of a holo-
morphic submanifold MT and a totally real submanifold M± of M. 
Obviously, a CR-product is a CR-submanifold whereas a CR-submanifold 
is a CR-product if and only if the distributions D and D^ are involutive and 
their leaves are totally geodesic in M, or equivalently D and Z)-*- are paral-
lel on M, i.e., VxY G D and VzW e D^ for each X,Y e D and Z,W e D-^. 
Remark 1.4.1. Notice that a distribution D on M is holomorphic if and 
only if for any non zero vector U £ D a.t any point p e M, the angle between 
Dp and JU is equal to zero whereas D is totally real if and only if for any 
non zero tangent vector 1/ G D at any point p E M, the angle between JU 
and Dp is equal to 7r/2. This point of view gives rise to the notion of slant 
distribution. 
Definition 1.4.5. Given a submanifold M, isometrically immersed in an 
almost Hermitian manifold (M, J,^), a differentiable distribution Z) on M is 
said to be a slant distribution if for any non zero vector U E Dp, p E M, the 
angle between JU and the vector space Dp is constant, i.e., it is indepen-
dent of the choice oi p E M and U E Dp. This constant angle is called the 
wirtinger angle of the slant distribution D. A submanifold M of M is called 
a slant submanifold if the tangent bundle TM is slant. 
The notion of slant submanifolds provides a generalization of holomorphic 
and totally real submanifolds. In fact, for the wirtinger angle 9 = 0 and 7r/2, 
a slant submanifold is holomorphic and totally real respectively. A slant 
submanifold is called proper slant if it is neither holomorphic nor totally 
real. If M is a slant submanifold of an almost Hermitian manifold M, then 
we have (cf.[17]) 
(1.4.7) P2 = -cos^{e)I, 
where 9 is the wirtinger angle of M in M. Hence, we have 
(1-4.8) g(PU, PV) = cos\9)g{U, V), 
(1-4.9) g(FU, FV) = sin\9)g{U, V), 
for U, V tangent to M. 
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Definition 1.4.6. [48] A submanifold M of an almost Hermitian mani-
fold (M, J, g) is said to be a semi-slant submanifold if it is endowed with two 
orthogonal distributions D and D^, where D is invariant with respect to J 
and D^ is slant with wirtinger angle 6, i.e., the angle 9 between JX and Dp 
is constant for each X £ D^ and p E M. 
It is clear that CR-submanifolds and slant submanifolds are in particular 
semi-slant submanifolds with ^ = f and D = {0} respectively. A semi-slant 
submanifold is called proper ii 9 ^ | . 
On a semi-slant submanifold M of an almost Hermitian manifold M, the 
tangent bundle TM and the normal bundle T-^M are decomposed as 
(1.4.10) TM = DeD^ 
and 
(1.4.11) T^M^FD^®ii 
where fj, is the orthogonal complementary distribution to FD^ in T-^M and 
is invariant under J. That means J^ = f^ for each ^ G /x whereas / ^ G FD^ 
for each ^ 6 F£)^. Moreover, following are some other easy observations 
r (a) F D = {0}, (6) PD = D, 
(1.4.12) { 
[ (c) PD" C D ^ (d) t(r-LM) C D^. 
In terms of P, F, t and / , we have 
{e)P' + tF=-I, (f)f + Ft = -I, 
(1.4.13) 
{g)FP + fF = 0, {h)tf + Pt = 0. 
There is yet another genaralization of CR-submanifolds known as generic 
submanifolds. These submanifolds are defined by relaxing the condition on 
the complementary distribution of the holomorphic distribution. 
Definition 1.4^7. [14]. Let M be a real submanifold of an almost Her-
mitian manifold M. Then for each p e M, let Dp = TpM n JTpM be the 
20 
maximal holomorphic silbspace of Tp{M). If Z) : p —^  Dp is a smooth holo-
morphic distribution on M, then M is called a generic submanifold of M. 
The complementary distribution £)° of D is called a purely real distribution 
on M. A generic submanifold is a CR-submanifold if the purely real dis-
tribution on M is totally real. A purely real distribution D° on a generic 
submanifold M is called proper if it is not totally real. A generic submanifold 
is called proper if the pvirely distribution is proper. 
Definition 1.4.8. A generic submanifold M in a Kaehler manifold is a 
purely real (respectively, complex) submanifold if Dp = {0} (respectively 
Dp=^TpM). 
It is easy to observe that the relations (1.4.12) and (1.4.13) hold on a 
generic submanifold of an almost Hermitian manifold. 
A generic submanifold M in a Kaehler manifold M is a CR-submanifold if 
the orthogonal complementary distribution D-^ of D in TM is totally real, 
i.e. JD^ C T^M, T^M the normal space of M aX p. A CR-submanifold 
is a totally real submanifold if Dp = {0}. A CR-submanifold is an anti-
holomorphic submanifold if JD^ — T^M, i.e., {fj, — 0). 
For a generic submanifold M in a Kaehler manifold M, the orthogonal 
complementary distribution D-^, called purely real distribution, satisfies 
Dp±D^, PD^CD^, 
D^ n JD^ = {0} 
Let Up be the vector space of holomorphic normal vectors to M at p, or simply 
the holomorphic normal space of M at p, i.e., 
Up = T^M n JT^M 
Then, Up defines a differentiable vector subbundle of T^M. It is easy to 
verify that 
(1.4.14) T^M = FD-^eu, t{T^M) = D^ and 
(1.4.15) g{FD^,u) = {) 
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A vector subbundle /x of the normal bundle T-^M is said to be pamllel (in 
the normal bimdle) if 
(1.4.16) Vie G fji 
for any X in TM and any local cross-section ^ in fj,. 
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CHAPTER 2 
GENERIC SUBMANIFOLDS OF A 
KAEHLER MANIFOLD 
To study the geometry of a Riemannian manifold, it is convenient to first 
embed it into a known manifold and then study its geometry vis-a-vis the 
known ambient manifold. If the ambient manifold happens to be an almost 
Hermitian manifold, we expect on the submanifold, invariant, anti-invariant 
and slant distributions with respect to the Hermitian structure on the am-
bient manifold. A. Bejancu [2] developed the notion of CR-submanifolds, 
thus providing a single setting to study invariant and anti-invariant subman-
ifolds. Further generaUzed versions like semi-slant and generic submanifolds 
emerged at a later stage (cf. [48],[14]). A significant contribution in this 
area is made by B.Y.Chen [15],[16] etc. The present chapter deals with these 
studies. 
2.1. Generic Submanifolds of an Almost Hermitian 
Manifold 
To study the geometry of a generic submanifold, it is important to know 
the properties of the canonical projections P, F, t and / . The following lemma 
provides information about them. 
Lemma 2.1.1. Let M be generic submanifold of an almost Hermitian 
manifold M then , 
PDeD, PD^eD^, tNeD^, FUeFD-^. 
Moreover, if M is a CR-submanifold then PU £ D, f^ E fj, for each U £ D 
and ^ e T^M. 
Further, let VuV and QuV denote respectively the tangential and normal 
parts of (V{7J)V, then by an easy computation, we obtain the following 
formulae 
(2.1.1) VuV = {VuP)V-AFvU-thiU,V), 
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(2.1.2) QuV = {VuF)V + h{U, PV) - fh{U, V). 
Similarly, for ^ET-^M denoting by Vu^ and Qu^ respectively, the tangential 
and normal parts of (VyJ)^, we find that 
(2.1.3) Vu( = {Vut)( + PA^U - Af^U, 
(2.1.4) Qu^ = i^um + h{t^^ U) + FA^U. 
The following properties of Pand Q can be verified through straight forward 
computations. 
Pi . (i) Vu+vW = VuW + VvW; (ii) Qu+vW = QuW + QvW, 
P2. (i) Vu{V + W) = VuV^VuW; (ii) Qu{V ^W) = QuV + QuW, 
P3. (i) 9{VuV, W) = -giV, VuW); (ii) g{QuV, 0 = -diV, 'PuO, 
P4. VuJV + QuJV = -J{VuV + QuV), 
for all U, V and W in TM and ^ in T^U. 
On a submanifold M of a nearly Kaehler manifold M, it follows from 
(1.3.12) that 
(2.1.5) {a)VuV + VvU^Q, {h)QuV+QvU = Q 
Throughout, we assume that M is a generic submanifold of an almost 
Hermitian manifold M with holomorphic distribution D and the purely real 
distribution D-^. It is known that if D is parallel then it is clearly integrable 
and its leaves are totally, geodesic in M. If D is parallel then the orthogonal 
complementary distribution D^ is also parallel which impUes that D is par-
allel if and only if D^ is parallel. In this case, M is locally the Riemannian 
product of the leaves of D and D^. If M is a CR-submanifold with parallel 
holomorphic and totally real distributions, then M is a CR-product. 
The above observations can be re-stated as the following lemma. 
Lemma 2.1.2> [37] Let M be a generic submanifold of an almost Her-
mitian manifold M. Then M is locally the Riemannian product of the leaves 
of D and D^ if and only if 
Vf/X eD or ^uZ e D^ 
for each X e D,Z e D^ andU £ TM. 
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The following is an easy consequence of the above lemma and can be proved 
on taking account equation (1.4.3). 
Corollary 2.1.1. [37] If a generic submanifold of an almost Hermitian 
manifold M is a Riemannian product of the leaves of D and D^, then 
(VuP)X eD or equivalently {VuP)Z E D^ 
for each U G TM, X eD and Z e D^. 
Remark 2.1.1. The converse of Corollary 2.1.1 is true when M is a 
CR-submanifold. In this case we have a stronger result, i.e., the following 
corollary. 
Corollary 2.1.2. [37] A CR-submanifold M in an almost Hermitian man-
ifold M is a CR-product if and only if 
{VuP)V e D 
for each U,V e TM. 
In terms of the normal valued 1-form F , we have the following characteri-
zation for M to be a Riemannian product in M. 
Corollziry 2.1.3. [37] A generic submanifold M of an almost Hermitian 
manifold M is a Riemannian product of the leaves of D and D^ if and only 
if 
iVuF)X = 0 
for each U G TM, X e D. 
The proof follows by putting V = X in equation (1.4.4) and taking account 
of (1.4.12) (6). 
In the following, we obtain integrability conditions for the distributions D 
and D^ on a generic submanifold of an almost Hermitian manifold. 
Proposition 2.1.1. [37] The holomorphic distribution D on a generic 
submanifold of an almost Hermitian manifold is integrable if and only if 
QxY - QYX = h{X, PY) - h{Y, PX) 
for eachX,Y E D. 
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Proof. For ^ ET^M, we have 
g{VxJY - VYJX, 0 = g{h{X, PY) - h{PX, Y), 0 
or 
g{J{VxY - VyX) + QxY - QyX, 0 = gih{X, PY) - h{PX, r ) , 0 
or 
g{F[X,Y],0 = 9(h(X,PY) - h{PX,Y) + QyX - QxY,^). 
The assertion follows from the above relation. 
Proposition 2.1.2. [37] The purely real distribution D^ on a generic 
submanifold of an almost Hermitian manifold is integrahle if and only if 
VzPW - VwPZ + ApzW - ApwZ + VwZ - VzW 
lies in D^ for each Z,W E D^. 
Proof For X G D, we find that 
g{P[Z, W],X)^ gi^zJW - VwJZ + VwZ - VzW, X) 
= giVzPW-VwPZ+ApzW-ApwZ+VwZ-VzW, X) 
which proves the assertion. 
2.2. Generic Submanifolds of a Kaehler Manifold 
Lemma 2.2.1. [14] Let M be a generic submanifold of a Kaehler manifold 
M. Then 
(2.2.1.) g{h{JX,U),0 = 9{JhiX,U),0 
for any vector X in D, U in TM and ^  in //. 
The proof of the lemma foUows from Gauss formula. 
Proposition 2.2.1. [14] Let M be a generic submanifold in a Kaehler 
manifold M. Then the holomorphic distribution D is integrable if and only 
if 
(2.2.2) g(hiX,JYlFZ) = g{h{JX,YlFZ) 
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for any vector X,Y in D and Z in D^. 
Proof. Since M is Kaehlerian, Gauss formula gives 
(2.2.3) h{X, JY) - h{JX, Y) = J[X, Y] + VyJX - VxJY 
for any vector fields X,Y in D. If the holomorphic distribution D is inte-
grable, the right hand side of (2.2.3) lies in TM, whereas the left hand side is 
a vector field normal to M, therefore both the sides will separately be zero. 
Thus we obtain h{X, JY) — h(JX,Y). In particular, we have (2.2.2). 
Conversely, if (2.2.2.) holds, then 
(2.2.4) h{X, JY) - h{JX, Y) G //. 
Now, for ^ G //, 
g{h{X, JY) - h{JX, Y), 0 = giKX, JY), 0 - g{h{JX, Y), 0 
The right hand side of the above relation is zero by virtue of (2.2.1). Therefore 
(2.2.5) h{X, JY) - h{JX, Y) e FD^ 
Prom the observation (2.2.4) and (2.2.5), we have 
h(X,JY)^h{JX,Y) 
for any vectors X, Y in D. Thus by (2.2.3) we obtain J[X, Y] = Vy J X -
VxJY. Since V y J X - VxJY is tangent to M, this imphes that [X,Y] lies 
in D. The proposition thus follows from the Probenius theorm. 
The proof of the proposition also follows from Proposition 2.1.1 as QuV — 
0, V f/, V G TM, in the setting of Kaehler manifolds. 
Proposition 2.2.2. [14] Let M be a generic submanifold in a Kaehler 
manifold M. Then the purely real distribution D^ is integrable if and only if 
(2.2.6) S/ziPW)-WwiPZ) + AFzW-AFwZ lies in D^ 
for any vector fields Z, W in D-^. 
Proof. For any vector fields Z, W in D^, Gauss and Weingarten formulae 
and (1.4.1) give 
JVzW + Jh{Z, W) = Vz{PW) + Vz{FW) 
= Vz{PW) + h{Z, PW) - AFWZ + Vi(FW^), 
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from which we obtain 
(2.2.7) VzW^ - PApwZ - PVziPW) - th{Z, PW) - fV^iFW). 
Thus we get 
(2.2.8) [Z, W] = P{AFWZ - ApzW + Vw{PZ) - Vz{PW)} 
+ t{h{W, PZ) - h{Z, PW) + V ^ ( F Z ) - V^{FW)}. 
Since t{T^M) = D^, this impUes that [Z, W] Ues in D^ if and only if (2.2.6) 
holds. The proposition is proved. 
As P t / ^ = 0 on a submanifold of a Kaehler manifold, the above proposi-
tion follows from Proposition 2.1.2. 
Lemma 2.2.2. [14] Let M he a generic submanifold of a Kaehler manifold 
M. If D is integrable and its leaves are totally geodesic in M, then 
. gih(D,D),FD^) = 0 
Proof. Under the hypothesis VxZ Ues in D^ for any vector fields X in D 
and Z in D-^. So for any vector field y in D we have 
0 = giVxZ, JY) 
= g{VxZ, JY) 
^-g{VxJZ,Y) 
= g{AFzX,Y)-g{VxPZ,Y) 
= g{AFzX,Y). 
= g{h{X,Y),FZ) 
This proves the lemma. 
Remeirk 2.2.1. Although the converse of Lemma 2.2.2 is true for CR-
submanifolds, it is not true in general if M is just a generic submanifold. 
Lemma 2.2.3. [14] Let M be a generic submanifold of a Kaehler man-
ifold M. If D^ is integrable and its leaves are totally geodesic in M,then 
gihiD,D^),FD^) = 0. 
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Proof. Under the hypothesis, for any X in D and Z, W in D-"-, we have 
0 = giVzX, W) = g{VzJX, JW) 
= g{VzJX, PW) + giVzJX, FW) 
= g{h{JX,Z),FW) 
From this we obtain the lemma. 
If the purely real distribution D^ in a generic submanifold is slant with 
wirtinger angle 6, i.e., D-^ = D^, then the generic submanifold reduces to a 
semi-slant submanifold. 
On a semi-slant submanifold M of an almost Hermitian manifold, in view 
of the decomposition (1.4.11), we write 
(2.2.9) h{U, V) = hpDoiU, V) + h^{U, V) 
where hpoe^U, V) and h^{U, V) are the components of h{U, V) in FD^ and 
H respectively. Moreover, if {Zi,Z2, ....Zq} be a local orthonormal frame of 
vector fields on D^, then 
(2.2.10) hpDoiU, V) = ^ h'iU, V)FZr 
where 
(2.2.11) /i'-(t/, V) = csc^ eg{h{U, V), FZr) 
Therefore, 
(2.2.12) = csc^ eY,g{h{Uu Vi), FZr)g{h{U2, V^), FZr), 
r 
for any C/i, t/a, Vi, 14 e TM. 
Theorem 2.2.1. [39] On a semi-slant submanifold M of an almost Her-
mitian manifold, 
(2.2.13) \\hFD^{U,V)f = csc'eY^g{h{U,V),FZr)\ 
(2.2.14) \\fhFooiU,V)f = cot'e'£gih{U,V),FZrf 
r 
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for any U,V eTM . 
Proof. Formula (2.2.13) is an immediate consequence of (2.2.12). On the 
other hand, it is easy to deduce from (1.4.13)(^) that 
(2.2.15) g{fh{U, V), FZ) = g{h{U, V), FPZ) 
Now, (2.2.14) is obtained on using (2.2.10), (2.2.15), (1.4.8) and (1.4.9). D 
In particular, if M is a CR-submanifold of a Kaehler manifold M, then on 
using Gauss and Weingarten formulae, we have 
(2.2.16) JVuZ + Jh{U, Z) = -AjzU + V^JZ 
for U tangent to M and Z in D^. 
Lemma 2.2.4. [15] Let M he a CR-submanifold of a Kaehler manifold 
M. 
Then 
(2.2.17) ^( Vf/Z, X) = giJAjzU, X), 
(2.2.18) AjzW = AjwZ, 
(2.2.19) Aj^X = -A^JX 
for U tangent to M, X in D, Z and W in D^, and ^ in /x. 
Proof. Taking the inner product of (2.2.16) with JA", 
g{JVuZ, JX) = g{-AjzU, JX) 
Hence (2.2.17) follows. 
For (2.2.18), we consider g{AjzW,U) 
g{AjzW,U)^gih{U,W),JZ) 
= -g{J{VuW-VuW),Z) 
= -g{VuJW, Z) + g{JVuW, Z) 
= g{AjwU, Z) - g{VhJW, Z) - g{VuW, JZ). 
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Thus we get 
g{AjzW,U) = 9{AjwZ,U), 
for all U e TM. This verifies equation (2.2.18). 
Formula (2.2.19) follows from the fact that 
g{h{JX,Y),i)=g{VYJX,i) = {Jh{X,YU). 
Lemma 2.2.5. [15] Let M he a CR-submanifold of a Kaehler manifold 
M. Then for any Z, W in D^ we have 
(2.2.20) Vii^JZ - V^JW E JD^. 
Proof. For any ^ in /z and Z, W in D-^ , we have 
g{Aj^Z, W) = -giVzJC, W) = g{V^(, JW) = -g{t VpW). 
Thus we obtain 
g{C, V^JZ - ^pW) = g{Aj,Z, W) - g{Aj^W, Z) = 0. 
Since this is true for all ^ in //, (2.2.20) holds. 
Prom Lemma 2.2.4, it follows that we have J[Z, W] = / ( V ^ W - VwZ) — 
V^JW - ViyJW. Thus using Lemma 2.2.5, [Z, W] € D-^. Thus we obtain 
Lemma 2.2.6. [15] The totally real distribution D^ on a CR-submanifold 
in a Kaehler manifold is integrable. 
This theorem has been generalized to CR-submanifolds in a locally con-
formal almost Kaehler manifolds in [8]. 
For the holomorphic distribution D on a CR-submanifold of a Kaehler 
manifold, the integrability conditions (2,2.2) remain the same, i.e., we have, 
Lemma 2.2.7. [15] Let M be a CR-submanifold of a Kaehler manifold 
M. Then the holomorphic distribution L) is integrable if and only if 
(2.2.21) g(hiX, JY), JZ) = g{h{JX, Y), JZ), 
for any X,Y in D and Z in D^. 
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Lemma 2.2.8. [15] The leaves of the holomorphic distribution D on a 
CR-submanifold M of a Kaehler manifold M are totally geodesic in M if 
and only if 
(2.2.22) giAjD^D,D) = 0. 
Proof For X, Y in D, Z in D^, 
g{VxY,Z) = gi'VxY,Z) 
= g{VxJY, JZ) 
Therefore, 
(2.2.23) g{VxY, Z) = g{h{X, JY), JZ). 
If (2.2.22) is satisfied then by the Lemma 2.2.7, D is integrable. Further, 
from (2.2.23) its leaves are totally geodesic in M. 
Conversely, if the leaves of D are totally geodesic in M, then in view of 
(2.2.23), (2.2.22) holds. 
Lemma 2.2.9. [15] On a CR-submanifold M in a Kaehler manifold M, 
leaves of D^ are totally geodesic in M if and only if 
(2.2.24) g{AjD^D,D^) = Q. 
Proof. If the leaves of D^ are totally geodesic in M, then by definition 
for a l l Z , V r e Z ) ^ . That is, 
g{VzW,X) = 0, 
for all X eD. Therefore 
0 = g{VzW, X) = g{W, VzX) = g{VzX, W) 
= giVzJX, JW) = gih{JX, Z), JW) 
Hence, the leaves of D^ are totally geodesic if and only if 
g{h{D,D%JD^) = 0 
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Lemma 2.2.10. [15] 7/(2.2.24) holds and D is integrable, then for any X 
in D and ^  in JD^, we have 
(2.2.25) A^JX = -JA^X 
If the two distributions on a CR-submanifold M of a Kaehler manifold are 
involutive and their leaves are totally geodesic in M, then M is a CR-product. 
B.Y.Chen [15] obtained characterization imder which a CR-submanifoId re-
duces to a CR-product: 
Theorem 2.2.2. [15] A CR-submanifold M of a Kaehler manifold M is 
a CR-product if and only if P is parallel, i.e., V P = 0. 
Proof. As M is Kaehler, 
VuJV = JV{/V, 
for any vector fields [/, V tangent to M. On using (1.4.1) and Gauss formula, 
the above equation becomes, 
Vu{PV -h FV) = J{VuV -\- h{U, V)), 
which on applying Gauss-Weingarten formulae gives 
VuPV+h{U, PV)-AFvU-^VijFV = PVuV+FVuV-\rth{U, V)+fh(U, V). 
Now comparing tangential parts in both sides of the above equation and 
using (1.4.3) we get 
{VuP)V^thiU,V)-\-AFvU. 
If P is parallel then from the above equation 
th{U,V) =-AFVU, 
for any vector fields U, V' tangent to M. In particular if X in D then FX = 0. 
Hence above equation implies 
th{U,X) = 0, 
i.e., AjzX = 0, 
for any Z in D-^ and X in D. Thus by Lemma 2.2.7 and 2.2.8, D is integrable 
and its leaves are totally geodesic in M. Similarly on using Lemma 2.2.9, 
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leaves of D^ are totally geodesic in M. Thus M is a CR-product. 
Conversely, if M is a CR-product, then 
g{VxY, Z)^0 and g{VzW, Y) = 0, 
for all X, y in D and Z, W in D-^. That is, we have 
VxYeD and S/zYeD, 
i.e., VuY e D, 
for all U in TM, Y in D. On using the fact that M is a CR-product and 
Gauss formvila we obtain 
(2.2.26) Jh(U, Y) = h(U, JY). 
We have 
{VuP)Y^thiU,Y) + AFYU,. 
As F y = 0 for all Y e D and th{U,Y) = 0 for all t/ G TM and Y e D, 
from (2.2.26) we have 
(2.2.27) {VuP)V = 0. 
Similarly, as VyZ e D-^, for any Z in D-^ and 17 tangent to M, it is easy 
to see that 
(2.2.28) {^uP)Z = 0. 
Hence, if M is CR-product, then by (2.2.27) and (2.2.28), 
V[/P = 0. 
This proves the theorem completely. 
Prom the proof of Theorem 2.2.2 we have the folllowing. 
Lemma 2.2.11. [15] A CR-submanifold M in a Kaehler manifold M is 
a CR-product if and only if AjjjiD = 0. 
Remark 2.2.2. In [4] Bejancu-Kon-Yano proved that if M is an anti-
holomorphic submanifold and V P = 0, then M is a CR-product. 
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CHAPTER 3 
WARPED PRODUCT SUBMANIFOLDS IN 
A KAEHLER MANIFOLD 
A CR-submanifold M of a Kaehler manifold M is called CR-product if it is 
locally a Riemannian product of a holomorphic submanifold NT and a totally 
real submanifold iVj_ of M. The notion of CR-products in Kaehler manifolds 
was introduced in [15] and it was proved that a CR-submanifold M in a 
complex Euclidean space is a CR-product if and only if it is a Riemannian 
product of a holomorphic submanifold of a Unear complex subspace and a 
totally real submanifold of a linear complex subspace. However, there do not 
exist CR-products in complex hyperboUc spaces other than holomorphic and 
totally real submanifolds. As warped products are generalized version of Rie-
mannian product manifolds, it is natural to seek existence of warped product 
manifolds in Kaehler as well as in non-Kaehler manifolds. B.Y.Chen [18] ini-
tiated the investigations with this stand point and explored CR-submanifolds 
as warped product manifolds in Kaehler manifolds. Subsequently, B.Sahin 
[49] studied semi-slant warped products in a Kaehler manifold. The findings 
of Chen and Sahin are discussed in the present chapter. 
3.1. CR-Submanifolds as Warped Product Submeinifolds in Kaehler 
Manifolds 
B.Y.Chen [18], [19] initiated the study of warped product manifolds with 
extrinsic geometric point of view when he considered CR-submanifolds of 
a Kaehler manifold embedded as warped product manifolds. That is how, 
the notion of warped product submanifolds emerged. The definition can be 
formulated as: 
Let (M, g) be a Riemannian manifold and M a submanifold of M. Then 
M is called a warped product submanifold of M if it satisfies 
(i) M is a Riemannian submanifold of M. 
(ii) M is a warped product manifold of two submanifolds Mi and M2 of 
M. 
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{Hi) The two submanifolds are orthogonal, i.e., g{U\,U2) — 0, for any 
f/i e TMi and C/2 e TM2. 
In this section we study CR-submanifolds in a Kaehler manifold M which 
are warped products of the form TVj. X/ iVy, where N±_ is a totally real sub-
manifold and NT is a holomorphic submanifold of M. 
Theorem 3.1.1. [18] If M = N±XfNT be a warped product CR-submanifold 
of a Kaehler manifold M such that N± is a totally real submanifold and NT 
is a holomorphic submanifold of M, then M is a CR-product. 
Proof. Let M = N± Xf NT he a warped product CR-submanifold in a 
Kaehler manifold M such that N± is a totally real submanifold and NT is 
a holomorphic submanifold of M. Since the metric tensor of M is given by 
9 = 9N± + f^9NT^ -^± is a totally geodesic submanifold of M. Thus, for any 
vector fields Z, W on N± and X on NT, we have 
(3.1.1) g{VzW,X)^0. 
Further, as M is Kaehlerian, the formulae of Gauss and Weingarten imply 
that 
(3.1.2) -AjwZ + V^iJW) = JiVzW) + Jh{Z, W). 
Taking the inner product of (3.1.2) with JX gives 
(3.1.3) 9{AjwZ, JX) = -g{VzW,X). 
By combining (3.1.1) and (3.1.3) we obtain 
(3.1.4) g{h{D,D'-),JD'-) = 0. 
On the other hand, from Proposition 1.2.1, we have 
(3.1.5) VxZ - VzX = {Z lnf)X, 
for any vector fields X in D and Z in £)-*-. Thus, if we denote by h'^ and A^ 
the second fundamental form and the shape operator of NT in M, then we 
obtain from the formulae of Gauss and Weingarten that 
(3.1.6) g{h'^{X, Y), Z) = giA^zX, Y) = -g{VxZ, Y) =-(Z lnf)g{X, Y) 
for any X,Y in D and Z in D^. Hence, we find 
(3.1.7) h'^iX, Y) = -V{lnf)giX, Y), 
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where V{lnf) is the gradient of Inf. Equation (3.1.7) imphes that iVy is a 
totally umbilical submanifold of M. 
Let h denote the second fundamental form of NT in the ambient space M. 
Then 
(3.1.8) HX, Y) = h^{X, Y) + h{X, y) , 
for any X,Y tangent to NT- By applying (3.1.7) and (3.1.8) we find 
(3.1.9) g{h{X,X\Z) = -Z{lnf)g{X,X). 
Since NT is a holomorphic submanifold of M, we also have the following 
relations: 
(3.1.10) h{X, JY) = h{JX, Y) = Jh{X, Y). 
Hence by combining (3.1.9) and (3.1.10), we obtain 
(3.1.11) g{h{X, X),Z) = -g{h{JX, JX), Z) = Z{lnf)g(X, X) 
(3.1.9) and (3.1.11) imply Z(lnf) = 0. Therefore, we obtain from (3.1.6) and 
(3.1.8) that 
(3.1.12) g{hiX, Y), Z) = gih'^iX, Y), Z) = 0 
for any X,Y in D and Z inD^. 
Hence, by (3.1.8),(3.1.10) and (3.1.12), we obtain 
(3.1.13) g{h{X, Y), JZ) = g{h{X, Y\ JZ) = -g{h{X, JY), Z) = 0. 
Therefore 
(3.1.14) g{h{D,D),JD^) = 0. 
Conditions (3.1.4) and (3.1.14) imply AJD±D = 0. Therefore, by applying 
Lemma 2.2.11, we conclude that M = Nx Xf NT is a CR-product. 
Theorem 3.1.1 shows that there do not exist warped product CR-submanifolds, 
i.e., warped products of the form N± Xf NT other than CR-products such 
that NT is a holomorphic submanifold and Nx is a totally real submanifold 
ofM. 
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Now, we consider waxped product submanifolds by reversing the two iac-
tors NT and A'j. i.e., warped prodct of the form NT Xf Nj_. Such warped 
products are called CR-warped product submanifolds. Non-trivial CR-warped 
products do exist in Kaehler manifolds. 
Here, we give an example of such CR-warped products. We denote by 
R^'",m > 1, the Euclidean 2m space with the standard metric. Then the 
canonical complex structure of R "^" is defined by 
(3.1.15) J{xi,yi, , Xm, Vm) = {-yi.Xu , - 2 / m , Xm). 
Example 3.1.1. Consider in R^ the submanifold M given by equations 
X\=t COSO, X2 = S C0S9, X3 = t COStp, X4 — S COS(p 
X5 = t sinO, xe = s sin6, X7 — t sirup, xs = s simp, 9,ip €. (0, —). 
Then TM is spanned by Zt,Zs,Ze,Zip, where 
Zt = cos 9 dxi -f cos ip dxz + sin 9 8x5 + sin (p dxj, 
Zs — cos 9 dx2 + cos ip dx^ + sin 9 dxe + sin cp dx^, 
Ze = —t sin 9 dxi — s sin 9 6x2 +1 cos 9 dx^ + s cos 9 dxe, 
Zip = —t sin ip 8x3 — s sin ip 8x4 +1 cos (p 8x7 + s cos ip dxg, 
Using (3.1.15), we obtain that D — span{Zt,Zs} is invariant with re-
spect to J. Moreover, JZg and JZ^ are orthogonal to TM. Hence, D^ = 
span{Z0, Z^} is anti-invariant with respect to J. Thus M is a CR-submanifold 
of R*. Furthermore, we can derive that D and D^ are integrable. Denoting 
the integral manifolds of D and D-*- by Mr and M±, respectively, then the 
induced metric tensor is 
g = 2df + 2ds^ + {r + s^){d9^ + d<p^) 
~ 9MT + {t^ + s'^)9h 
ThusM is a CR-warped product submanifold of R^ with warping function 
For CR-warped products in Kaehler manifolds, we have the following. 
Lemma 3.1.1. [18] Let M = NT Xf N± be a CR-warped product in a 
Kaehler manifold M. Then for any X,Y in D and Z, W in D^ we have 
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(i)g{h{D,D),JD'-)^0; 
(ii) g{hiJX, Z), JW) = X{lnf)g{Z, W); 
(Hi) Vj^JZ = JVxZ, whenever h{D,D^) C JD^; 
(iv) g{h{D, D-^), JD^) =0 if and only if M is a trivial warped product in 
M, i.e., a CR-product. 
Proof. Since M is Kaehlerian, we have 
VxJZ = JVxZ, 
(3.1.16) - AjzX + VJtJZ = JVxZ + Jh{X, Z), 
for any vector fields X, Y on NT and Z on Nx- Thus, by taking the inner 
product of (3.1.16) with JY, we find 
g{-AjzX, JY) + g{VJ,JZ, JY) = g{JVxZ, JY) + g{Jh{X, Z), JY), 
i.e., - g{AjzX, JY) = g{VxZ, Y), 
or 
(3.1.17) g{h{X,JY),JZ) = -g{VxZ,Y). 
On the other hand. Since M = NT Xf Nx. i& & warped product, NT is 
a totally geodesic submanifold of M. Thus, we also have g(VxZ, Y) = 0. 
Combining this with (3.1.17), we get 
gih{D,D),JD'-) = Q. 
This prove statement (i). 
Now, if we denote by h and A the second fundamental form and the shape 
operator of the immersion of M in M. Then we obtain from the formulae of 
Gauss and Weingarten that 
(3.1.18) gih{JX, Z), JW) = -g{JAjwZ, X). 
On using Proposition 1.2.1, we get 
g{hiJX,Z),JW) = -g(yzW,X) 
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= g{VzX, W) 
= X(ln/ )p(Z,W). 
for any X in TNT and ZyV in TTVj.. This proves statement {ii). 
Since NT is a totally geodesic submanifold in M, VxZ G D^. Thus 
JVxZ e JD^. On the other hand, condition h{D, D^) C JD^ implies 
Jh{X,Z) E TM. Therefore by aplying (3.1.16), we obtain statement (iii). 
If g{h{D, D-^), JD^) = 0, then by statement (u) 
( X h i / ) = 0. 
That means / is constant along NT- Hence, M = NT XJ N± is CR-product. 
Conversely, if M is a CR-product submanifold then by Lemma 2.2.11, 
AjjjxD = 0. In particular, 
g{hiD,D^),JD^) = 0. 
This impUes statement (iv). 
Now we give the following characterization for a CR-submanifold to be-
come a CR-warped product submanifold of a Kaehler manifold. 
Theorem 3.1.2. [18] A proper CR-submanifold M of a Kaehler manifold 
M is locally a CR-warped product if and only if 
(3.1.19) AjzX = i{JX)X)Z 
for X E D and Z G D^ and for some function X on M satisfying W\ = 0 
where W G D^. 
Proof. If M is a CR-warped product NT Xf N_i in a Kaehler manifold 
M, then statement (i) of Lemma 3.1.1 and Proposition 1.2.1 imply that 
AjzX = -{{JX) \nf)Z for each X e D &nd Z e D^. Since / is a function 
on NT, we also have W{hif) = 0 for all W E D^. 
Conversely, assvune that M is a proper CR-submanifold of a Kaehler man-
ifold M satisfying 
AJZX = i{JX)X)Z, 
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foT X e D, Z e D^ and for some function A on M, with Z\ — 0. Thus we 
have 
(3.1.20) g{h{D,D),JD^)^Q 
It follows from (3.1.20) that the holomorphic distribution D is integrable and 
its leaves are totally geodesic in M. Also 
g{{{J-'X)\)Z,W) = g{{{-X)X)Z,W) 
= g{AjzJX, W) 
= -giVjxJZ,W) 
= giJVjxZ,W). 
Therefore 
-X{X)g{Z,W)=g{VjxZ,JW) 
(3.1.21) =g{h{JX,Z),JW). 
On the other hand, from Lemma 2.1.4 and (3.1.21) we have 
giVzX,W) = -giVzW,X) 
= -g{JAjwZ,X) 
= g{h{JX,Z),JW) 
(3.1.22) - -X{X)g(Z,W). 
for X in D and Z, W in £)-"-. Since the totally real distribution D^ of a CR-
submanifold of a Kaehler manifold is always integrable (cf. Lemma 2.2.6), 
by equation (3.1.22) and the condition WX = 0, VF G D^, imply that each 
leaf of D^ is an extrinsic sphere in M, i.e., a totally umbilical submanifold 
with parallel mean curvature vector. Hence, by Theorem 1.2.2, M is locally 
isometric to a warped product NT X / N_i of a holomorphic submanifold NT 
and a totally real submanifold N± of M, where NT is a leaf of D and Aj_ is 
a leaf of D^ and / is a certain warping function. 
3.2. A General Inequality for CR-Warped Product Submanifolds 
Chen [18] established an inequaUty for the squared norm of the second fun-
damental form of a CR-warped product submanifold of a Kaehler manifold. 
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This section is devoted to discuss the same. 
Definition 3.2.1. For a real hyperspace M of a Kaehler manifod M with 
a unit normal vector field ^, the tangent vector field J^ on M is called a 
characteristic vector field of M. 
Definition 3.2.2. A unit tangent vector F on M is called a principal 
vector if V is an eigenvector of the shape operator A^, the corresponding 
eigenvalue is called the principal curvature at V. 
Let us denote the tangent bvmdles on NT and N± by D and D^ re-
spectively and let Bi = {Xi,X'2,..-,Xp,Xp+i = JXi^....,X2p = JXp} and 
B2 = {Zi, Z2,...., Zq} be local orthonormal frame of vector fields on NT and 
N± respectively with 2p and q being their real dimensions. Then by (1.2.7) 
2p 
(3.2.1) \\hf = "^gihiXuXjlhiXuXj)) 
2p q q 
+ E E S i H X i , Zr), h{Xi, Zr))+ J2 9{h(Zr, Zs), h(Zr, Z^)) 
i,=\ r = l r,s=l 
We have the following result for CR-warped products in Kaehler manifolds. 
Theorem 3.2.1. [18] Let M = NT Xy AT^  be a CR-warped product sub-
manifold in a Kaehler manifold M . We have 
(i) The squared norm of the second fundamental form of M satisfies 
(3.2.2) | | / i | p>2p | |V(h i / ) |p , 
where p is the dimension of N±. 
(ii) If the equality sign of (3.2.2) holds identically, then NT is a totally 
geodesic submanifold and N_i is a totally umbilical submanifold of M. 
Moreover, M is a minimal submanifold in M. 
(iii) When M is anti-holomorphic andp > I, the equality sign of (Z.2.2)holds 
identically if and only if N± is a totally umbilical submanifold of M. 
(iv) / / M is anti-holomorphic and p = 1, then the equality sign of (3.2.2) 
holds identically if and only if the characteristic vector field J$, of M is 
a principal vector field with zero as its principal curvature. (Note that 
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in this case, M is a real hypersurface in M.) Also, in this case, the 
equality sign in (3.2.2) holds identically if and only if M is a minimal 
hypersurface in M. 
Proof. In view of the decomposition (1.4.11 ) 
(3.2.3) h{U, V) = hjD^{U, V) + h^{U, V) 
for each U,V e TM, where hjD±{U,V) e JD^ and h^,{U,V) E fj, with 
9 k 
hjD± {U, V)^Y^ h^{U, V)JZr and h^{U, V) = J2 h"{U, V)^^ 
r=l a = l 
where h'^{U,V) and h°'{U,V) are the components of h{U,V) in JD^ and /u 
respectively. That is 
(3.2.4) 
' h'{U,V)=gihiU,V),JZr), 
. h''{U,V) = g{h{U,V),Ca) 
where {^1,^ 2, ,Cfe} is the frame of orthonormal vector fields of // with k 
being its dimension. Now, for any i G {1,2, ,2p} and r e {1,2, ,q}, 
9 9 
gihjD^iXi, Zr), hjD^Xi, Zr)) = gij^ h'iXi, Zr)JZs, Y, h\Xi, Zr)JZ,) 
3=1 a=l 
9 
^J2^''{Xi,Zr)g{h{Xi,Zr)JZs) 
s= l 
As, g{h{Zr,Xi)JZs) = 0, for r 71^  s by Lemma 3.1.1 (ii), the above equation 
yields 
g{hjD±{Xi,Zr),hjD^{Xi,Zr)) = h'{Xi, Zr)g{h{Xu Zr)JZ^) 
for each r. Thus, we have 
(3.2.5) g{hjD^{Xi,ZrlhjD^{Xi,Zr)) = {g{h{Xi,Zr)JZr)f 
By using Lemma 3.1.1 {ii), equation (3.2.5) becomes 
g{hjD^{Xi,Zr),hjD^{Xi,Zr)) = {Xiluff 
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Therefore, 
i=l r = l i = l r = l 
2p 
(3.2.6) =^2qY,9('^lrif,Xi)^ 
Hence, on taking account of (3.2.1) and (3.2.3) in the above equation, we 
obtain 
\\hr>2q\\v{inf)r 
For any vector fields X in D and Z, W in D^, Lemma 2.2.4 and (1.2.5) 
imply that 
(3.2.7) g{VwZ, X) = g{JAjzW, X) = -g{h{JX, W), JZ). 
Hence by using statement {ii) of Proposition 1.2.1 and (3.2.7), we find 
(3.2.8) ^(Vw^Z,X) = -(Xln/)^(Z,1^). 
On the other hand, if we denote by /i-"-, the second fundamental form of 
A/j. in 
M = NT Xf N±, we get 
(3.2.9) 9{hHZ,W),X)=giVwZ,X) . 
Combining (3.2.8) and (3.2.9) we obtain, 
(3.2.10) hHZ,W) = -^g{Z,WM\nf). 
Now, assmne that the equahty case of (3.2.2) holds. Prom statement (ii) 
of Lemma 3.1.1, we have 
(3.2.11) g{hiZ, JX), JZ) = X{lnf). 
Then we obtain from (3.2.11) that 
(3.2.12) hiD, D) = 0, hiD^, D^) = 0, h{D, D^) c JD^. 
Since Nj is a totally geodesic submanifold in M, the first condition in 
(3.2.12) implies that Nj is totally geodesic in M. 
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On the other hand, (3.2.10) shows that N± is totally umbilical in M. Now 
the second condition in (3.2.12) implies that N± is also totally mnbiUcal in 
M. Moreover, from (3.2.12), we know that M is minimal in M. 
Let us assume that M is an anti-holomorphic CR-warped product in M. 
Then, from statement (i) of Lemma 3.1.1, we get 
(3.2.13) h{D,D) = 0. 
If N± is totally umbilical in M, then there exists a normal vector field H 
of A j^. in M such that the second fundamental form h of N± in M satisfies 
(3.2.14) h{Z,W)=g{Z,W)H, 
for Z, W tangent to N±. Since 
h{Z, W) = h^{Z, W) + h{Z, W), 
(3.2.14) implies that there is a normal vector field rj such that 
(3.2.15) hiZ,W) = giZ,W)rj, 
Hence, for each imit vector W € D^ and each unit vector Z in D^ per-
pendicular to W, we have on using Lemma 2.2.4 
9iv,JW) = g{hiW,Z),JW) 
= gih{Z,W),JZ) 
= g{Z,W)g{'n,JZ) 
(3.2.16) = 0 
Since M is assumed to be anti-holomorphic, (3.2.16) implies either p=\ 
or 
(3.2.17) h{D^,D^) = Q. 
Hence, (3.2.11), (3.2.13) and (3.2.17) imply that the equaUty case of (3.2.2) 
holds whenever p> \. 
When p = 1, M is a real hypersurface of M. In this case, the characteristic 
vector field J^ is a principal vector field with zero as its principal curvature 
if and only if (3.2.17) holds. So, in this case we also have equahty case of 
(3.2.2) if the characteristic vector field J^ is a principal vector field with zero 
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as its principal curvature. Prom the first condition in (3.2.12), we also know 
that condition (3.2.17) holds if and only if M is minimal in M. 
By applying statement (n), the converse is easy to verify. 
For CR-warped products in complex space forms, we have the following. 
Theorem 3.2.2. [18] Let M = NT'XfN± be a non-trivial CR-warped prod-
uct satisfying \\a\\^ = 2p|| V/n / |p in a complex space form M{c) of constant 
holomorphic sectional curvature c. We have 
(ajNx is a totally geodesic holomorphic suhmanifold of M. Hence NT is a 
complex space form N^{c) of constant holomorphic sectional curvature c. 
(b)N± is a totally umbilical totally real submanifold of M{c). Hence, N± 
is a real space form of constant sectional curvature, say e > c/4. 
(c)When p = dimN± > 1, the warping function f satisfies | |V/ |p = 
6 - ( c / 4 ) / 2 . 
Proof. Under the hypothesis, we have (3.2.12). Statement (a) follows from 
the first equation of (3.2.12) and the fact that NT is totally geodesic in M. 
From the second equation of (3.2.12) and that Ns, is totally umbilical in M, 
we know that N_i_ is totally umbilical in M(4c). Hence, by (1.2.13) and the 
equation of Gauss, we know that N± is of constant curvature, say e > c/4. 
From (3.2.10) we see that e = c/4 occurs only when the warping function is 
constant. Thvis, we have statement (6). 
Let R^^ denote the Riemann curvature tensor of N±. Then we have 
(3.2.18) RiZ, W)V = i?^^(Z, W)V - \\Vlnf\\\g{W, V)Z - g{Z, V)W), 
for vectors Z, W, V tangent to N±. By applying (1.2.13),(3.2.12),(3.2.18), the 
equation of Gauss, and statement (6), we obtain statement (c). 
3.3. WJarped Product Semi-sl£int Submanifolds in Kaehler 
Manifolds 
In this section, we investigate semi-slant submanifolds in a Kaehler man-
ifold M which are warped products of the form No Xf NT (respectively 
A/y X/iVg ), where Ng is a proper slant submanifold and NT is a holomorphic 
submanifold of M. 
Theorem 3.3.1. [49] Let M be a Kaehler manifold. Then there do not 
exist warped product submanifolds M = Ng Xf NT in M such that Ng is a 
proper slant submanifold and NT is a holomorphic submanifold of M. 
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Proof. By definition of semi-slant submanifolds, using statement {ii) of 
Proposition 1.2.1, we have 
gi'^jxZ^X) = Z{lnf)g{JX,X) = 0 
for X G TNT and Z £ TNe. Thus taking into account that V is a Levi-
Civita connection, we obtain gi^jxX, Z) = 0. Using Gauss formula and 
Kaehler condition, we get g{JZ,VjxJX) = 0. Then we derive g{PZ + 
FZ,VjxJX) = 0. Thus, using Gauss formula, we have 
-g{VjxPZ, JX) + g{FZ, h{JX, JX)) = 0. 
Then from statement (u) of Proposition 1.2.1, we obtain 
g{FZ,h{JX,JX)) = PZ{lnf)g{X,X). 
Thus, by polarization identity, we get 
(3.3.1) g{FZ, hiJX, JY)) = PZ{lnf)g{X, Y) 
for X , y e TNT and Z G TN^. On the other hand, fromWeingarten for-
mula, we have g{AFzJX, JY) = -g(VjxFZ, JY). Since V is a Levi-civita 
connection, we obtain g(AFzJX, JY) = g{FZ, VjxJY). Thus we get 
giApzJX, JY) = giZ, VjxY) - g{PZ, VjxJY). 
Thus we have 
giApzJX, JY) = g{Z, VjxY) + g{VjxPZ, JY) 
= -gC^jxZ, Y) + giVjxPZ, JY) 
= -Z{lnf)giJX,Y) + PZ{lnf)g{X,Y), 
therefore, we obtain 
(3.3.2) gihiJX, JY), FZ) = -Z{lnf)g{JX, Y) + PZ{lnf)g{X, Y). 
Thus (3.3.1) and (3.3.2) imply 
Z{lnf)g{JX,Y) = Q 
for X,Y e TNT and Z e TNe. Since NT 7^  {0} is a Riemannian and 
invariant submanifold, we obtain 
Z{lnf) - 0 
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which shows that / is constant. 
Theorem 3.3.1 shows that there do not exist warped product semi-slant 
submanifolds in the form Ng XfNr in Ka«hler manifolds. Now, we are going 
to investigate warped product semi-slant submanifolds in the form NT 'XfNg 
such that NT is a holomorphic submanifold and Ng is a proper slant sub-
manifold of M. 
Theorem 3.3.2. [49] Let M be a Kaehler manifold. Then there do not 
exist warped product submanifolds M = NT Xf Ng in M such that NT is a 
holomorphic submanifold and Ng is a proper slant submanifold of M. 
Proof For X G TNT and Z e TNg, from statement (u) of Proposi-
tion 1.2.1, we have g{'^pzX,Z) = X{lnf)g{PZ,Z) = 0 due to g{PZ,Z) = 
0. Since TNT and TNg are orthogonal, we obtain 0 = g^VpzXjZ) = 
-g{VpzZ, X). Now we get g{JX, VpzJZ) = 0. Then 
0 = g{JX, VpzPZ + FZ) 
= -9{VpzJX,PZ) -g{JX,AFzPZ) 
= 9{VpzJX, PZ) -h g{h{PZ, JX), FZ). 
Thus using Proposition 1.2.1 and 1.4.8, we get 
(3.3.3) JX{lnf)cosHg{Z, Z) = -g{h{PZ, JX), FZ) 
for X e TNT and Z G TNg. Substituting X by JX in (3.3.3) we arrive at 
(3.3.4) X{lnf)cos'^eg{Z, Z) = -g{h{PZ, X), FZ). 
Also substituting Z by PZ in (3.3.4) and using (1.4.7) and (1.4.8), we obtain 
g{h{P^Z,X),FPZ) = -X{lnf)cosHg{PZ,PZ), 
hence we have 
(3.3.5) g{h{Z, X), FPZ) = X{lnf)cos%{Z, Z) 
On the other hand, from Gauss formula g{h{PZ, X), FW) = g{VxPZ, FW) 
for X G TNT and Z,W e TNg. Hence, g{h{PZ, X), FW) = -g{PZ, VxFW). 
Thus, we derive 
g{h{PZ, X), FW) = -g(PZ, VxJW) + g{PZ, VxPW) 
= giJPZ, VxW) + g{PZ, VxPW) 
= giP^'Z, VxW) + g{FPZ, h{X, W)) + g{PZ, VxPW), 
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then, we obtain 
g{h{PZ,X),FW) = -cos''eX{lnf)g{Z,W)+g{FPZ,hiX,W))+X{lnf)giPZ,PV 
Also from (1.4.8), we get 
g{h{PZ,X),FW) = -cos'^eX{lnf)g{Z,W)+giFPZ,h{X,W))+X{lnf)g{Z,W) 
Thus ioT Z = W we have 
(3.3.6) giKPZ, X), FZ) = g{FPZ, h(X, Z)) 
for X e TNT and Z € TNe. Thus from (3.3.4),(3.3.5) and (3.3.6) we get 
Xilnf)cos^eg(Z, Z) = 0. 
Since Ng is a proper slant and Z is non-null, we obtain 
X{lnf) = Q. 
This impUes that / is constant i.e., warped product is trivial. 
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CHAPTER 4 
WARPED PRODUCT SUBMANIFOLDS IN 
NEARLY KAEHLER MANIFOLDS 
In view of the applications of warped product submanifolds, recently the 
study of warped product submanifolds is extended to the settings of nearly 
Kaehler manifolds (cf. [36], [38], [39]). The investigations are relevant for the 
fact that a typical nearly Kaehler manifold S^ does not admit CR-product 
submanifolds. This paved way to more general product submanifolds of 
S^. The most natural candidate was a CR-warped product submanifold 
and that's how the first example of CR-warped product submanifold came 
up when K. Sekigawa [52] constructed a non-trivial CR-warped product sub-
manifold in S^. On the other hand, N. Ejiri [23] provided a categorical answer 
to a more general problem when he proved that "There exist cotmtably many 
immersions of S^ x 5""-^ into "^"""^  such that the induced metric on S^ x S"'~^ 
is a warped product metric of constant scaler curvature n{n — 1)." The above 
theorem tmderlines the significance of the study of CR-warped product sub-
manifolds in nearly Kaehler manifolds in general. The present chapter deals 
with the study of warped product submanifolds of nearly Kaehler manifolds 
in general. 
4.1. CR-Submanifolds in Nearly Kaehler Manifolds 
For CR-submanifolds of nearly Kaehler manifolds, we have the following 
theorems. 
Theorem 4.1.1. [35] The holomorphic distribution D on a CR-submanifold 
of a nearly Kaehler manifold M is integrable if and only if 
QxY = 0 and h{X, JY) = h{JX, Y) 
for each X, Y in D. 
Proof. Let M be a CR-submanifold of a nearly Kaehler manifold M. 
In view of the relation (2.1.5) (6) and Proposition 2.1.1, the necessary and 
sufiicient condition for the holomorphic distribution D to be integrable on a 
CR-submanifold of a nearly Kaehler manifold, reduces to 
(4.1.1) 2QxY = h{X, JY) - h{JX, Y) 
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for each X,Y e D. Further, on using (p^) and Lemma 1.3.1, we have 
(4.1.2) N-^{X,Y) = 8QxJY 
where N-^ denotes the normal part of the Nijenhuis tensor. On the other 
hand, by formula (1.3.8), 
(4.1.3) NH^, Y) = -2F{[PX, Y] + [X, PY]) 
from (4.1.2) and (4.1.3), 
(4.1.4) 4QxJY = -Fi[PX, Y] + [X, PY]). 
It follows from (4.1.4) that D is integrable if and only if QxY = 0 for each 
X,Y e D. Hence, by (4.1.1), the theorem follows. 
Theorem 4.1.2. [35] The totally real distribution D^ on a CR-submanifold 
of a nearly Kaehler manifold is integrable if and only if 
g{VzW,X) = 0, 
or, 
g{AjzW,X) = giAjwZ,X) 
for each Z,W e D^ andX e D. 
Proof By formula (2.1.1) and (2.1.5)(a), we get 
2VzW = P[W, Z] + ApzW - AFWZ 
for each Z,W E D^. Hence, D-^ is integrable if and only if 
(4.1.5) VzW - ApzW + AFWZ = 0. 
Since for a nearly Kaehler manifold, 
dn{U,V,W) =-giiVuJ)V,W), 
where O is the fundamental 2-form, (4.1.5) gives 
2dn{Z, W, X) = giAjwZ,X) - g{AjzW, X). 
Further, as ft{D, D^) = 0 = ^{D^, D^), we get 
2g{[Z, W], JX) = giAjzW, X) - g{AjwZ, X). 
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Thus, assertion is proved on taking account of (4.1.5). 
4.2. CR-Submanifolds as Warped Product submani-
folds in Nearly Kaehler Manifolds 
First we consider warped product CR-submanifolds of the type N^X/NT 
where NT and N± are holomorphic and totally real submanifolds of a nearly 
Kaehler manifold M. We have the following theorem, which is an extension 
of the Theorem 3.1.1 to the setting of nearly Kaehler manifolds. 
Theorem 4.2.1. [36] There does not exist a proper warped product CR-
submanifold N± Xf NT in nearly Kaehler manifolds. 
Proof. Let M be a nearly Kaehler manifold and M = N± x f NT he a 
warped product CR-submanifold of M. By property {p^) of V, we have 
(4.2.1) VxJX + QxJX^O 
for each X e TNT-
By statement (u) of Proposition 1.2.1, we have 
(4.2.2) VxZ = WzX = (Zlnf)X. 
for each X,Y G TNT and Z G TN-^. Hence, 
(4.2.3) g(VxZ,X) = iZlnf)\\Xf = g{VjxZ,JX). 
On taking account of (1.2.3),(2.1.5) and (4.2.1), above equation can be writ-
ten as 
(4.2.4) {Zlnf)\\X\\'' = giJZ, h{X, JX)). 
Replacing X by JX in (4.2.4), we get 
(4.2.5) {Zlnf)\\X\\^ = -g{JZ, h{X, JX)). 
Thus from (4.2.4) and (4.2.5), 
(4.2.6) iZlnf)\\Xf = 0. 
If M is assiuned to be a proper CR-submanifold, then Zlnf — 0, i.e., M 
is simply a CR-product. This proves the Theorem. 
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In this section we shall study the warped product CR-submanifolds of the 
type NT y- f N± in a, nearly Kaehler manifold M. First, we shall discuss, 
Lemma 4.2.1. [36] Let M be a CR-warped product submanifold of a nearly 
Kaehler manifold M. Then we have 
(i) g{h{X,Y),JZ)^0 
(ii) g(VzX, W) = X(lnf)g(Z, W) = g(hiJX, Z), JW) 
for each X, Y e T{NT) and Z, W e T{N±,). 
Proof By equations (2.1.1) and (2.1.2), 
g{AFzX, Y) = g(VxZ, JY) - g{VxZ, Y). 
The first term in the right hand side of the above equation is zero in view of 
Proposition 1.2.1. Thus, the equation reduces to 
g{AFzX,Y) =-g{VxZ,Y). 
The left hand side of the above equation is symmetric in X and Y whereas the 
right hand side is skew-symmetric in X and Y . That proves the statement 
(z), i.e., 
gih(X,Y),JZ)^g{VxZ,Y) = 0 
The first equaUty in (ii) is an immediate consequence of statement (ii) of 
Proposition 1.2.1. For the second equality, by Gauss formula, we may write 
g{h{JX,Z),JW) = g{VzJX,JW) 
= g{QzX,JW)^g{VzX,W) 
= g{QzJX, W) + X{\nf)g{Z, W). 
= -g{VzW,JX) + X{\nf)g{Z,W). 
The first term in the right hand side of the above equation is zero by virtue 
of Theorem 4.1.2 and the equation reduces to 
g{h{JX,ZlJW) = {X\nf)g{Z,W) 
which completes the proof of statement {ii). 
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Theorem 4.2.2. [36] Let M be a CR-submanifold of a nearly Kaehler 
manifold M with integrable distributions D and D-^. Then M is locally a 
CR-warped product if and only if 
(4.2.7) AjzX = -(JXX)Z 
for each X E D, Z E D^ and X, a C°°-function on M such that WX = 0 
for each W eD-^. 
Proof. If M is a CR-warped product submanifold NT Xf N±, then on ap-
plying Lemma 4.2.1, we obtain (4.2.7). In this case A = In / . 
Conversely, suppose AjzX = —{JXX)Z, then 
g{h(X,Y),JZ)=0 
i.e., h{X,Y) € n, for each X, Y E D. As D is assumed to be integrable, by 
Theorem 4.1.1, QxY = 0 and therefore by (2.1.2) 
FVxY = hiX, JY) - fh{X, Y). 
As h(X,Y) E n for each X, Y E D, FU E JD^ for each U E TM and 
f^En for all ^ G T-^M, we deduce from the above equation that V x ^ E D. 
That means, leaves of D are totally geodesic in M. Now, 
giVzW,X) = g{JVzW,JX) 
= -g{VzW, JX) - g{AjwZ, JX). 
The first term in the right hand side of the above equation vanishes in view 
of Theorem 4.1.2 and the second term on making use of (4.2.7) reduces to 
-XX g{Z, W). That is, we have 
(4.2.8) giVzW,X) = -XX g{Z, W). 
Now, by Gauss formula 
gih\Z,W),X)^g{VzW,X) 
where h^ denotes the second fundamental form of the immersion of Nx into 
M. Using (4.2.8), the last equation gives 
g{h^(Z,W),X)^-XXg{Z,W), 
which shows that each leaf N± of Z?-*- is totally umbilical in M. Moreover, 
the fact that WX = 0, for all W^  6 D-"-, implies that the mean curvatmre 
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defined as 
vector on N± is parallel along Nj_ i.e., each leaf of D^ is an extrinsic sphere 
in M. Thus M is locally a warped product iVr X/ iVj. of a holomorphic sub-
manifold NT and a totally real submanifold N_i of M (cf. Theorem 1.2.2). 
Here NT is a leaf of D and Nj_ is a leaf of D-^ and / is a warping function. 
Now, we give an example showing that proper CR-warped product sub-
manifolds NT X fN± do exist in nearly Kaehler manifold. This example was 
given by K. Sekigawa [52]. 
Example 4.2.1. Let S^ ^ {y = {y^, y^, ye) e E ^ yl+vl+vl = 1} be a unit 
2-sphere and 5^ = {2; = e'*, i e R} a unit circle. Let V ' " ^ 
from the product manifold S^ x S^ into S^ i.e., 
^iy,z) = tl}{{y2,y4,y6),e'*) 
= (2/2 cost)e2 - (2/2 sint)e3 + (1/4 cos 
+{y6Cost)e6 - (?/6sint)e7 
for 2/ = (?/2,y4,y6) ^ -S"^  and 2 = e** € -5^ t G R. Then we may easily 
check that •0 gives rise to an isometric inunersion from the warped prod-
uct Riemannian manifold S^ x fS^ into S^, where / is the warping function 
on 5^ which is given by the restriction of the function F on R^ defined 
as F{y2,y4,ye) = ^ ( l + Syf). This is an example of 3-dimensional proper 
CR-warped product submanifolds of S^ such that both the holomorphic dis-
tribution and totally real distribution are integrable. 
4.3. Semi-slant Warped Product Submanifolds of 
Nearly Kaehler Manifolds 
Here we consider warped product submanifolds M = NT XfNe ofa nearly 
Kaehler manifold M where NT and No are holomorphic and slant submani-
folds of M of real dimensions 2p and q respectively. These submanifolds are 
called semi-slant warped, product submanifolds. A non-trivial warped prod-
uct semi-slant submanifold NQ Xf NT in M is non-existent in view of the 
following theorem: 
Theorem 4.3.1. [37] Let M be a nearly Kaehler manifold and M = 
N Xf NT a warped product submanifold of M with N and NT a Riemannian 
55 
and a holomorphic submanifold of M. Then M is trivial i.e., M is locally a 
Riemannian product of N and NT-
The following Lemma exhibits some formvilae on a semi-slant warped prod-
uct submanifold of a nearly Kaehler manifold. 
Lemma 4.3.1. [39] On a proper semi-slant warped product submanifold 
M = NT X-f Ne of a nearly Kaehler manifold M. We have 
(i) g{h{X,Y),FZ)^0 
(ii) g{hiPX,Z),FZ) = iXlnf)\\Zf 
(Hi) g{h{X, Z), FW) - g{h{X, W), FZ) = i{Xlnf)g{PZ, W) 
(iv) g{VxY, Z) = g{QxY, FZ) = 0 
(v) g{QzX,FZ) - I cos'e{Xlnf)\\Z\\'' 
for each X,Y e D and Z e D^. 
Proof. As NT is totally geodesic in M, {VxP)Y G D and therefore by 
formula (2.1.1), 
giVxY,Z) = -g(thiX,Y),Z) 
= g{hiX,Y),FZ) 
The left hand side is skew symmetric whereas the right hand side is symmetric 
in X and Y in the above equation. That means 
g{h{X,Y),FZ)=g{VxY,Z)^0. 
This proves the statement (i). 
Now, by (2.1.5)(a) VuV + VyU = 0. Using this fact in (2.1.1), we get 
0 = iVxP)Z + {VzP)X - 2th{X, Z) - AFZX. 
Further, since {VxP)Z = 0 dueto (1.4.3) and Proposition 1.2.1, whereas 
applying the same formulae on (V^P)X, the above equation takes the form 
(4.3.1) (PXlnf)Z - {Xlnf)PZ = 2th{X, Z) + ApzX. 
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Taking product with Z in both sides of (4.3.1) yields {ii). 
It follows from the statement (ii) that 
g{h{PX, Z), FW) + g{h{PX, W), FZ) = 2{Xlnf)g{Z, W). 
for any X e D and Z,W G D^. Therefore, for orthogonal vector fields 
Z,WeD^ 
(4.3.2) g(h(X, Z), FW) + g(h(X, W), FZ) = 0. 
Now, taking product with W G D^ in (4.3.1) gives 
{PXlnf)giZ, W)-{Xlnf)g{PZ, W) = -2g{h{X, Z), FW)+g{h{X, W), FZ). 
Interchanging Z and W and substracting the obtained equation from the 
above, we get 
g{h(X, Z), FW) - g(h(X, W), FZ) = ^(Xlnf)g(PZ, W). 
This proves the statement (in) of the Lemma. 
For orthogonal vector fields Z and W, it can be deduced from (4.3.2) and 
the last equation that 
(4.3.3) gih{X, W),FZ) = -g{h{X, Z), FW) = -^{Xlnf)g{PZ, W) 
In particular for W = PZ, the above formula on taking account of (1.4.8) 
yields 
(4.3.4) gih{X, PZ), FZ) = -g{h{X, Z), FPZ) = - \ cos^ e{Xlnf)\\Z\\' 
By (2.1.2) and Proposition 1.2.1 
giQxY, FZ) = g(h(X, PY), FZ) - g(fh(X, Y), FZ). 
The two terms in the right hand side of the above equation are zero by 
statement (i) of the Lemma and formula (2.2.15). That means 
g{QxY,FZ) = 0. 
Thus, we conclude that 
g{VxY,Z) = g{QxY,FZ)^0. 
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This proves the statement (iv) of the Lemma. 
Now, by (2.1.2) and Proposition 1.2.1, we may write 
(4.3.5) h{JX, Z) = QzX + {Xlnf)FZ + //i(X, Z). 
Taking product with FZ in (4.3.5) and vising the formulae (4.3.3), (1.4.8), 
(2.2.15) and statement (i) and {ii) of the Lemma, we obtain 
(4.3.6) 9{QzX,FZ) = '^cos'e{Xlnf)\\Zf 
This completes the proof of the Lemma. D 
Let {Xi,X2, ,Xp,Xp+i = JXi, >-^ 2p = JXp\ and {Zi, ^2) ••••) ^^i^^+i 
PZQ 
^ , ....,Zq = -^^} be local frames of orthonormal vector fields on NT and 
Ne respectively. Then, ior X E D, 
E gih{X, Zsl FZrf = E g{h{X, Zr), FZrf + E 9{KX, Z,), FZrf 
r,s=l r = l r^s 
9/2 
= 2q{PXlnff + ^ E [p(/i(^, -^r), FFZ,)2 
r = l 
+y(/i(X,PZ,),FZ,)2]. 
It can be noted that g{h{X, Zg), FZr) = 0 for Z^ ^ Zr, PZr due to formula 
(4.3.3). Now, using formula (4.3.4), the above equation takes the form 
Y, 9ihiX, Zs), FZrf = 2q{PXlnff + ^ cos^ 6{Xlnff 
Replacing X by a basic vector field Xi and taking summation over i in both 
sides of the above equation while making use of the formula (1.3.1), we get 
2p q . 
(4.3.7) Yl E 9{h{XuZs),FZrY = 2q{l + ^cosH)\\Vlnff. 
i = l r , s = l 
2p q 
Let US denote E E \\hFD»iXi,Zr)\\ by \\hFDe{D,D^)\\ and 
i= l r = l 
E E \K{Xi,Zr)\\ by \\h^{D,D%. Then we obtain 
i= l r = l 
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Theorem 4.3.2. [39] Let M be a semi-slant warped product submanifold 
of a nearly Kaehler manifold M. Then 
(4.3.8) \\hFD>{{D,D')\\'' = 2qcsc^e{l + ^cos''e)\\S7lnff 
and 
(4.3.9) WfhFD^iiD, D^)||2 = 29cot2 ^(1 + i cos^ e)\\VlnfW' 
Proof For any X e D and Z £ D\ by (2.2.13) 
\\hFD<X,Z)f - g{hpD?{X.Z\hpuo{X,Z)) = c^c^eY,g{h{X,ZlFZrf. 
T 
Replacing X and Z by basic vector fields in the above expression and taking 
summation over i = 1,2, 2p and s = 1,2, q, we get 
\\hFne{D, If)f = f ; ^ csc^ eg{h{Xu Z.), FZ^f 
1=1 r , s=l 
Using (4.3.7), the right hand side of the above equation is 
9 2gcsc2^(l + icos2^)||Vin/||2. 
Hence, 
\\hFD^{D,D^)f^2qcsc'e{l + \cos^e)\\Vlnff. 
This proves (4.3.8). Similarly, replacing U and V by basic vector fields Xi 
and Zs respectively in (2.2.14) and taking summation over i, r and s, we get 
Wfhpi^iD, D')f = cot2 e f ; J2 9iKXi, Z,), FZrf. 
1=1 r , s=l 
Making use of Lemma 4.3.1, formulae (4.3.3) and (4.3.7) on the above equa-
tion, we obtain (4.3.9). D 
Now, before finding an estimate for ||/i//(D, D^)\\, we prove the following 
Lemma 4.3.2. [39] On a semi-slant warped product submanifold of a 
nearly Kaehler manifold M 
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P r Q 
J ] ^ g{h{PXi, Zs), FZrUihiXi, PZs), FZr) 
i=l '-r,s=l 
- g{hiXi, Zs), FZr).g{h{PXi, PZ,), FZr) 
(4.3.10) ^ - ^ cos'e\\Vlnff 
where {X:,X2, , X^,, PX,, , P X J and {Zu Z^,...., Z,/2, ^ , , ^ } 
are adapted frames of orthonormal vector fields on NT and Ng respectively. 
Proof. For X G D and Z G D^,y^e have 
E [ i g{h{PXi,Zs),FZr).gih{Xi,PZs),FZr)] 
1=1 r , s= l 
P , 9 
E [ I 
1=1 r = l 
E [ E P ( / l ( ^ ^ i , -^r), FZr)gihiXi, PZr), FZr) 
+ E 9{h(PXi, Zs), FZr)g{h{Xi, PZs), FZr)]. 
rjts 
p , q 
E [ I 
t = l r = l 
Z [ E 9{h{PXi, Zr), FZr).g{h{Xi, PZr), FZr) 
9/2 
+ Y.9{h{PXuZr),FZr^^).g{h{Xi,PZr),FZr+^). 
r=l 
9/2 
+ E QiKPXu ^), FZr).g{h{X,, ^ ) , FZr)] • 
r=l 
The terms containing Zg and Z^ in the series with Zg ^ Z^, PZ^ vanish in 
view of formula (4.3.3). Now using (4.3.4), Lemma 4.3.1 (ii), (1.4.8) and 
(1.4.9), the above summation takes the form 
p 
(4.3.11) Jl^-J cos2 eiXilnf)' - ^ cos2 d{PXilnff] 
1=1 
p 
•^  t = l 
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Hence, by using (1.3.1) in the above expression, we get 
p q 
(4.3.12) "^^iY^ giHPXi, Zs), FZr).9ih{Xi, PZ,), FZ^)] 
= - | c o s 2 ^ | | V Z n / f . 
Since the second term in the left hand side of (4.3.10) can be obtained from 
the first one on replacing X-* by —PX'' and the terms in (4.3.11) are square 
terms, it follows that 
(4.3.13) 9{h{PXi, Zs\ FZr).g{h{Xu PZ,), FZ,) 
= ^ cos'e\\Vlnf\\\ 
However, (4.3.13) can also be proved on the same Unes as (4.3.12). Now, 
from (4.3.12) and (4.3.13), we obtain (4.3.10). 
Now, on a semi-slant warped product submanifold of a generalized com-
plex space form, we prove 
Theorem 4.3.3. [39] Let M = NT y-j Ng be a semi-slant warped product 
submanifold of a generalized complex space form M(c, a). Then, we have 
(4.3.14) \\hf>qAlnf + {lcos'^e{5-6csc'^e) + 2q)\\Vlnff 
o 
where h denotes the second fundamental form of the immersion of M into 
M{c,a), Alnf is the Laplacian oflnf, Vlnf is the gradient oflnf, 2p and 
q are the real dimensions of NT and No respectively. 
If the equality sign in (4.3.14) holds identically, then NT is a totally geodesic 
submanifold and Ng is a totally umbilical submanifold of M. Moreover, in 
this case 
g(h^{PX, Z), h^iX, PZ)) = g{h^{X, Z), h^{PX, PZ)) 
for each X e D and Z e D^. 
Proof For X G D and Z e D^, the equation of Coddazi is written as 
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RiX, JX, Z, FZ) = g{VJch{JX, Z), FZ) - giVj^KX, Z), FZ) 
+9{KWjxX, Z), FZ) - g{h{VxJX, Z), FZ) 
(4.3.15) +9iHX, VjxZ), FZ) - 9{h{JX, VxZ), FZ) 
where, 
(4.3.16) giVJcHJX, Z), FZ) = X.g(h(JX, Z), FZ) - g(h(JX, Z), VJ^FZ) 
In view of formula (ii) of Lemma 4.3.1, 
(4.3.17) X.g(h(JX, Z), FZ) = {X.{Xlnf) + 2{Xlnf)''}\\Zrf 
whereas on applying (4.3.5) and (2.1.2), the second term in the right hand 
side of (4.3.16) is expressed as 
g{h{JX,Z),Vj,FZ) = -\\QxZf + {Xlnf)g{QxZ,FZ) 
HXlnffWZf + {Xlnf)g{FZ, fh{X, Z)) 
-gih{PX, Z), h{X, FZ)) + gUKX, Z), fh{X, Z)) 
which on using (4.3.6), (2.2.15) and Lemma 4.3.1 (ii), reduces to 
gih{JX,Z),VJiFZ) - -\\QxZr + {l-lcosH)iXlnmzr 
-gih{PX,Z),h{X,PZ)) 
(4.3.18) +g{fh{X,Z),fhiX,Z)). 
On substitution from (4.3.17) and (4.3.18), equation (4.3.16) takes the form 
giVJih{JX,Z),FZ) = XiXlnf)\\ZW' + {l + lcos^e){Xlnf)^\\Z\\' 
+\\QxZ\\' + g{h{PX, Z), h(X, PZ)) 
(4.3.19) -g{fh{X,Z),fh(X,Z)), 
where 
g{h{PX, Z), h{X, PZ)) = g{hFDo{PX, Z), hpnoiX, PZ))+g{h^{PX, Z), h^{X, PZ)) 
62 
which on taking account of (2.2.12), is simpUfied as 
g{h{PX,Z),h{X,PZ)) = csc''Z9iKPX,Z),FZr)g{hiX,PZ),FZr) 
r 
(4.3.20) +9{KiPX, Z), h^{X, PZ)) 
where {Zi.Z^, •.••,Zq} is an orthonormal frame of vector fields on Ng. On 
the other hand, 
gifh{X,Z)Jh{X,Z)) = \\fhFDo{X,Z)f + ||M^>-^)1I' 
and by (2.2.14) 
(4.3.21) \\fhjrDe{X,Z)f = cot^eY,9{HX,Z),FZrf. 
r 
Taking account of (4.3.20) and (4.3.21), equation (4.3.19) takes the form 
g{VJth{JX,Z),FZ) = XiXlnf)\\Z\\^ + {l + lcos-'e){Xlnf)^\\Zf 
+ csc2 e Y: 9ih{PX, Z), FZr)g{h{X, PZ), FZr) 
r 
+gih^{PX,Z),h,iX,PZ)) - \\h,iX,Z)f 
(4.3.22) 
- cot2 e E 9ihiX, Z), FZrf + WQxZf. 
r 
Similarly, 
g{VJxhiX,Z),FZ) = -JX{JXlnf)\\Zf-{l + lcos-'e){JXlnfy\\Z\\' 
+ CSC''6Y: 9{KX, Z), FZr)g{h{PX, PZ), FZr) 
r 
+g{h^{X,Z),h^{PX,PZ)) + \\h^{JX,Z)f 
+ coi'^e Y,g{h{PX,Z),FZrf 
(4.3.23) -WQjxZf. 
Now, taking account of Lemma 4.3.1 (u) and the fact that NT is totally geo-
desic in M, we get 
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g{h{VxJX,Z),FZ) = -{JVxJX)lnfg{Z,Z) 
= -g{VzJ^xJX,Z) 
= -g{VxJX,JVzZ) 
= -{gC^xX, VzZ) + g{JhiX, JX), VzZ)). 
Similarly, 
gih(VjxX,Z),FZ) = -{JVjxX)lnfg{Z,Z) 
= -igC^JxJX, VzZ)+g{Jh{X, JX), VzZ)). 
Thus 
9{h{VjxX, Z), FZ) - g{h{VxJX, Z), FZ) 
= g{VxX, VzZ) + giVjxJX, V zZ) 
(4.3.24) = -{(VxXZn/) + {V jxJXlnm\n\ 
On the other hand, by Proposition 1.2.1 and Lemma 4.3.1 (u), we have 
9{h{X, VjxZ\ FZ) - gihiJX, VxZ), FZ) 
(4.3.25) = -{{Xlnff + {JXlnff)\\Zf. 
Now, substituting the values from (4.3.22), (4.3.23), (4.3.24) and (4.3.25) 
into (4.3.15), we get 
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R{X,JX,Z,FZ) = {X{Xlnf) + JX{JXlnf) 
-{VxX)lnf+{VjxJX)lnf}\\Zf 
+1 cos''eaXlnfY + (JXZn/)2)||Z||2 
+ csc2 e EigiKPX, Z), FZ,)g{h{X, PZ), FZr) 
r 
-giKX, Z), FZr)g{h{PX, PZ), FZr)}\\Zf 
- cot2 e Z{9(KX, Z), FZrf + g{h{PX, Z), FZrY}\\Zrf 
r 
+g{K{PX, Z), h^iX, PZ)) - gih^(X, Z), h^(PX, PZ)) 
-\\h,ix,z)r - \\h,{jx,z)r+wQxzr+wQjxzr. 
Choosing X,Z as basic vector fields on NT and No, and evaluating R{X, JX, Z, FZ) 
through Coddazi equation, we get 
R{Xi,JXi,Zr,FZr) = [Xi{Xilnf) + JXi{JXilnf) 
-(Vx.Xi)Zn/- (V^x.J^i)Mll^r | | ' 
^Icos^iXMff + {JXilnff]\\Zrf 
-hcsc'e EMHPXi, Zs), FZr)g{h{Xi, PZ,), FZr) 
r 
-{g{hiXi, Zs), FZr)gih{PXi, PZ,), FZr)]\\Zr\\^ 
-Cofe EMKXu Zs), FZr)' + giHPXu Z,), FZrf] \\Zrf 
T 
+gih^{PXi, Zs), h^(Xi, PZ,)) - gih^iXi, Z,), h^{PXi, PZ,)) 
-\\h,{Xi,Zr)r - \\h^{JXi,Zr)\\' + WQxM' + WQjxM'-
On the other hand, by formula (1.3.17) 
f ; J2 R{Xi, JXi, Zr, FZr) = ^^^^^sinH. 
2p q 
1=1 r = l 
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Making use of this fact, together with (1.3.1), (1.3.2), (1.3.17), (4.3.7) and 
(4.3.10), while taking smnmation over i = 1,2, ....,p; r,s — 1,2....,q, we 
obtain 
||/i^(D,D^)||2 > qAlnf + lcosH\\Wlnff-^cot''e\\mnff 
-2qcotmi + \cosH)\\Vlnff + WQDDX 
(4.3.26) -ESlpls in^e , 
where we have denoted 2 f ) HQxi^rll^ by H Q D ^ ^ I P -
i= l r=l 
Now, combining (4.3.8) and (4.3.26), we arrive at 
\\hf > qAlnf + ^cosH-lqcotH + 2q{l + ^)\\Vlnf\\'^ 
That is, 
||/i||2 > qAlnf + (I cos2 ^ (5 - 6csc2^) + 2^ )11 VZn/||2 
+M^sm^e+\\QDD'\\^ 
If the equaUty case of (4.3.14) holds identically, then 
(4.3.27) h{D, D) - 0, h{D\ D^) = 0, 
and 
g{K{PX, Z), h^{X, PZ)) = g{h^{X, Z), h^{PX, PZ)) 
for each X eD and Z G D^. 
Since NT is totally geodesic in M the first term in (4.3.27) imphes that 
NT is totally geodesic in M. Further, if /12 is the second fundamental form 
of the immersion of NQ in M, then by (1.2.3) and Proposition 1.2.1 
(4.3.28) h2{Z, W) = -Vlnfg{Z, W) 
for each Z,W e D^. Equation (4.3.28) and the second relation in (4.3.27) im-
ply that Ne is totally umbilical in M. D 
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Corollary 4.3.1. On a CR-warped product submanifold of a generalized 
complex space form M(c, a), the squared norm of second fundamental form 
satisfies 
Corollary 4.3.2. On a CR-warped product submanifold of S^ 
12 > q{Alnf + 2\\Vlnff} + \\QDD^f. 
Corollary 4.3.3. On a CR-warped product submanifold of a complex space 
form 
| | / i |P>9{AZn/ + 2||VZn/||2}. 
The inequalities in Corollaries 4.3.1 and 4.3.3 are obtained in [21]. 
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CHAPTER 5 
WARPED PRODUCT SUBMANIFOLDS 
OF AN l.C.K MANIFOLD 
K. Matsumoto [42], V. Bonanzinga [9] and M.I. Munteanu [46] extended the 
study of CR-warped product submanifolds to the setting of l.c.K. manifolds. 
Various important formulae and geometric properties of the submanifold are 
obtained by them. As a step forward, V. Khan and N. Jamal [32], studied 
generic warped product submanifolds of l.c.K. manifolds and worked out a 
method of finding a non-trivial generic warped product submanifold. An 
account of these studies is given in the present chapter. 
5.1. Warped Product CR-subrricinifolds in l.c.K. 
mEinifolds 
Proposition 5.1.1. [33] A Hermitian manifold M mth structure (J,g) 
is l.c.K. if and only if there exists a global 1-form a, called the Lee form, 
satisfying 
(5.1.1) rfa = 0 
(5.1.2) {VYJ)X = -g{a\ X)JY + g{X, y)^« + g{JX, Y)a^ - p(/3«, X)Y 
for any X , y 6 TM, where V is the covariant differentiation mth respect to 
g, a" is the dual vector field of a , the 1-form 0 is defined byP(X) = —a{JX), 
0^ is the dual vector field of j3. 
On a CR-submanifold, the integrability conditions for the canonical distri-
butions were obtained m. [43] as 
Proposition 5.1.2. On a CR-submanifold of a locally conformal Kaehler 
manifold, 
(i) D^ is involutive. 
(a) D is involutive if and only if 
g(h{X, JY) - h{JX, Y) + g{X, JY)J, FZ) = 0, 
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for all X,Y in D and Z in D^. 
Let NT (resp. N^.) be a holomorphic (resp. totally real) submanifold in an 
l.c.K. manifold M. We consider a warped product submanifold of the form 
M = N± Xf NT with a warping function / ( > 0) G C°°(N±). We call such a 
manifold a warped product CR-submanifold in an l.c.K. manifold M. 
By Corollary 1.2.1, N± is totally geodesic in M, that is, ^wZ € TN_i for 
any Z,W E TNj_. This means that 
(5.1.3) 9(VwZ,X) = 0 
for any X e D and Z,W £ D^, where we put D = TNT and D-^ = TN±. 
Using (5.1.2) and (5.1,3), the formulae of Gauss and Weingarten yield 
(5.1.4) gihiJX, Z), JW) = g{Z, W^)p(a», X) 
for any X in D and Z, WinD-^. 
Now let h'^ (resp. A^) be the second fimdamental form (resp. the shape 
operator) of NT in M, then using Gauss formula and Proposition 1.2.1, we 
have 
(5.1.5) gih'^iX, Y),Z)= g{AlX, Y) = -{Zlnf)g{X, Y) 
for any X,Y m D and Z in D^. The equation (5.1.5) means 
(5.1.6) h^{X, Y) = -{Vlnf)g{X, Y) 
for any X,Y in D where Vlnf is the gradient of Inf. Thus we have 
Proposition 5.1.3. [9] On a warped product CR-submanifold M = Nx_ Xf 
NT of an l.c.K. manifold M, the holomorphic submanifold NT is totally um-
bilical in M. 
Theorem 5.1.1. [9] In a proper warped product CR-submanifold M of 
an l.c.K. manifold M, if the Lee vector field a" is normal to D^, then M is 
CR-product and trivial. 
Proof. Let h be the second fundamental form of NT in M i.e., 
VxY^V^xY + hiX,Y) 
for any X,Y in D. Then we have 
(5.1.7) h{X, Y) = h'^{X, Y) + h{X, Y) 
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for any X,Y in D. Using (5.1.5) and (5.1.7), we get 
(5.1.8) giHx, Y), Z) = g{h'^iX, Y), Z) = -{Zlnf)g{X, Y) 
for any X,Y € D and Z E D^. Since NT is holomorphic, using (5.1.2) and 
(5.1.7), we get 
gihiX, JY),U) = giJhiX,Y),U)+ g{JX,Y)g{aKU) -g{X,Y)g{0KU) 
for any X,Y & D and U G £>-*- ®T^M. Prom the above equation, we get 
(5.1.9) g{h{X, JY), U) = g{h{Y, JX), U) + 2g{JX, Y)g{a\ U) 
In (5.1.9), we put Y = JX, then we have 
(5.1.10) -g{h{X, X\ U) = g{h{JX, JX), U) + 2\\Xfg{a\ U) 
for any X G D and U G D-^ ® T^M. 
In (5.1.10), if the vector field U is an element of D^ (put it Z), then we 
have 
-g{h{X, X), Z) = g{h{JX, JX), Z) + 2\\Xfg{oc\ U) 
for any X e D and Z E D^. From (5.1.9) and the above equation, we have 
(5.1.11) Zlnf = g{a\Z) 
for any Z E D^ if M is proper. 
5.2. CR-Warped Products in l.c.K. Manifolds 
In this section, we consider CR-warped product submanifold M = NT X/ 
N±_ in an l.c.K. manifold M. In a CR-warped product of an l.c.K. manifold 
M, we prove 
Proposition 5.2.1. [9] In a proper CR-warped product M — NT Xf N± 
in an l.c.K. manifold M, the Lee vector field a" is orthogonal to D^. 
Proof. By virtue of (5.1.2) we have 
giHX, Y), JZ) = giVxY, JZ) = g{X, Y)g{l3\ Z) + g{J, Z)g{JY, X) 
for any X,Y E D and Z E D-^. Since the left hand side of above equation 
is symmetric with respect to X and Y , we get g{JX,Y)g(a'^,Z) = 0 This 
means g{a^, Z) =0 for any Z E D^. 
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By virtue of the above proposition, we have 
(5.2.1) g{h{X, Y\ JZ) = g{AjzX, Y) = g{X, Y)g{pK Z). 
Especially, if the Lee vector field a" is tangent to M, then (5.2.1) means 
(5.2.2) g{h{D,D),JD^)^0. 
For any X e D and Z,W e D-^, we have from (5.1.2) and Proposition 1.2.1 
(5.2.3) g{h{JX, Z), JW) = gi^zJX, JW) = (Xlnf - g(a^, XMZ, W) 
Next, we consider the case of h(D, D-^) C JD^. Then we can prove that 
(5.2.4) ^x{JZ) = JVxZ 
for any X ^D and Z e D^. 
The proof of (5.2.4) is as follows, 
(i) g{Vj,JZ, JW) = g{JVxZ, JW) = g{VxZ, W), 
(ii) g{VJiJZ - JVxZ,0 = 0 for any X e D,Z,W e D^ and ^ e fi. 
For (i), the left hand side of (i) is equal to 
g{{VxJ)Z, JW) + giJVxZ, JW) = g{VxZ, W)=the right hand side. 
Theorem 5.2.1. [32] A CR-submanifold of an l.c.K. manifold M is a CR-
warped product submanifold if and only if the Lee vector field a" is orthogonal 
to D^ and 
(5.2.5) AjzX = g{Ja\ Z)X - {g{Ja\ X) + {JXpi))Z 
for each X € D, Z £ D^, and for smooth function ^ on M with Wfi = 0 
for each W eD-^. 
Proof. Let M = NT Xy N-^ be a CR-warped product submanifold of M. 
Using Proposition 1.2.1 follows 
0 = giJVxZ, JY) = g(VxJZ, JY) - g{{VxJ)Z, JY), 
for each X,Y e TNT and Z,W € TN-^. Thus by (1.3.14) and Weingarten 
formula, 
(5.2.6) giAjzX, Y) = g{Ja\ Z)g{X, Y) + gia\ Z)g{JX, Y). 
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Furthermore, we have, 
{Xlnf)giZ, W) = giJVzX, JW) 
- g{VzJX, JW) - g{{VzJ)X, JW) 
= g{AjwJX, Z) + giJ, X)g{Z, W). 
Therefore, 
(5.2.7) g{AjzX,W) = -{JXlnf-V g{Ja\X))g{Z,W). 
TaJdng account of Proposition (5.2.1) while combining (5.2.6) and (5.2.7), 
we arrive at 
(5.2.8) AjzX = g{Ja\ Z)X - (JXlnf + g{Ja\ X))Z. 
Conversely, suppose that M is a CR-submanifold of M with a" orthogonal 
to D^ and satisfying (5.2.5) for some function ix on M, such that Wii = 0 
for all WeD^. Then, 
gih{X, JY) - h{Y, JX), FZ) = giApzX, JY) - giApzY, JX). 
By making use of (5.2.5), the right hand side reduces to g{JQ^, Z)g(JX, Y), 
which on account of Proposition 5.1.2 shows that D is involutive. Moreover, 
since the totally real distribution is involutive (cf. Proposition 5.1.2), M is 
foliated by NT and N±. 
Now, for any X,Y e D,Z e D-^,hy (5.2.5) we might write 
giAjzX,Y) = g{JaKZ)g{X,Y). 
By applying Weingarten formula, the above relation might be written as 
giVxJZ, Y) + g{jJ, Z)g{X, Y) = 0. 
It can further be simpUfied to yield 
giZ, VxJY) - g{Z, {VxJ)Y) + giJa^ Z)g{X, Y) = 0. 
which, by using (1.3.14), takes the form 
g{VxJY,Z) = giX,JY)9{aKZ). 
As a" is orthogonal to D-^, it follows that the leaves of D are totally geodesic 
in M. 
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Let N± be a leaf of D-^, V be the Levi-Civita connection on N±, and h^ 
be the second fundamental form of N± into M. Then by Gauss formula, 
0 = g{VzW, X) = gi'^zW - h'{Z, W), X). 
for any X eD and Z,W e D-^. That means 
g{h%Z,W),X) = giVzW,X) 
= g{VzW,X) 
^g{VzJW-{'^zJ)W,JX). 
By using (1.3.14) and Weingarten formula, the above equation takes the form 
g{h\Z, W), X) = -g{AjwJX, Z) - g{Z, W)g{a\ X). 
Now, on account of formula (5.2.5) the above equation can further be sim-
plified to yield 
(5.2.9), h\Z,W) = -g{Z,W)Vfi 
where V/x is the gradient of fi. The above relation shows that the leaves of 
D-*- are totally umbilical.in M with mean curvature vector fi. Moreover, the 
condition Za = 0 for all Z G D^ impUes that the mean curvature vector 
is parallel. That is, the leaves of Z)° are extrinsic spheres in M. Hence, by 
Theorem 1.2.2, we get that M is locally a CR-warped product submanifold 
NT Xfj, N± of M. This proves the theorem completely. 
5.3. Inequalities for the length of the Second 
Fundamental Form 
In this section, we calculate the length ||/i|| of the second fundamental form 
h oi a, warped product CR-submanifold Mi = N± Xf NT and a CR-warped 
product M2 = NT XfN± of an l.c.K. manifold M under the assumption that 
the Lee-vector field a" is tangent to M2. 
Now, we put dim M = 2m, dim Mi— dim M2 = n, dim MT — 2p and dim 
M±^q (2p + q = n). 
Let {d,.. . , Cp, el,..., e*p}, {e2p+i,...., e„}, {e^p+i,...., e^} and {e„+p+i,....,e2m} 
be the local orthonormal basis of D,D^,JD^ and // respectively, where 
e; = Jci for i G {1, ....,p} and ejp+i = Je2p+i for i € {1, ....,p}. 
Remark 5.3.1. It is known that the dimension of the holomorphic sub-
manifold is even. 
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The length \\h\\ of the second fundamental form h is defined as 
2m n 
(5.3.1) \\hf= Yl J29(hiei,ej),erf 
r = n + l i j = l 
The above (5.3.1) is written as 
n+q n 2m n 
2 = Y Y^g(h(ei,ej),er)^+ ^ ^^ 9ih{ei,ej),er)^ 
r=n+l i,j=l r=n+q+l ij=l 
n+q n n n 
- 12 Yl9{Kei,ej),er)^= ^ Yg{h{ei,ej),Jeif 
r = n + l i , j=l /=2q+l i j = l 
n f 2q 2q n 
Y. \ X^5(Mei ,e , ) ,en ' + 2 5 ^ Y. 9ih{ei,ej),e^y 
=2q+l I i , i=l 1=1 j=2q+l 1  
n 
+ Y 9ih{ei,ej),e;f 
i,j=2q+l 
Let Ml be a non-trivial proper warped product CR-submanifold in an 
l.c.K. manifold M. Then we know that 
(5.3.2) Zlnf = g{a^,Z) 
for any Z G D-^. On a CR-submanifold M of an l.c.K. manifold M, we know 
the following relation are known [42],[43] 
(5.3.3) giVuZ, X) = giJAjzU, X) + g{a\ Z)g{U, X) 
• + giU, Z)g{J, X) - g{pi, Z)g{JU, X) 
By virtue of (5.3.3) and (5.3.2), we have 
(5.3.4) g{h{X, Y), JZ) = g{P\ Z)g{X, Y) 
for any X,Y e D and Z e D^. The equation (5.3.4) means 
g{h{ei, ej), e,*) = g{p\ ei)Sij 
for i,j G {l,....,2q} and I G {2q+ l,....,n}. So, we get 
(5.3.5) Y Y9(Hei,ej),e^f^2q Y diP^et)' 
l=2g+l ij=l l=2q+l 
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Next we have from (5.1.4) 
(5.3.6) g{h{X, Z), JW) = g{l3^, X)g{Z, W) 
for any X e D and Z,W e D-^. Using (5.3.6) we obtain 
g{h{ei, Cj), Jck) = g{0^, ei)Sjk 
for i e {1,.. . . , 2q} and j,k e {2q + 1,...., n}. Thus we have 
(5.3.7) Yl E 9{Keue^Ulf^f2 E M^"'^O^^ifc}' 
i= l j,fc=2g+l i= l i,fc=29+l 
= gX:5(/3»,e,)^ 
t = l 
By virtue of (5.3.5) and (5.3.7) 
n 2q n 
{b.Z.S) \\hf>2q J2 9{l3Keif+2q'£9{P\eif+ "£ 9{h{ei,ej),e*if. 
l=2g+l t= l i,j,l=2q+l 
Thus we have 
Theorem 5.3.1. [9] The length \\h\\ of the second fundamental form h of a 
non-trivial proper warped product CR-submanifold Mi in an l.c.K. manifold 
M satisfies 
n 2q 
(5.3.9) \\hf > 2{q Y^ giPKetf + qYaiP^^^i)'}-
l=2q+l t= l 
The equality in (5.3.9) is satisfied if and only if 
(5.3.10) g{h{TM,TM),ii) = {0}, g{h{D^,D^),JD^) = {0}. 
Next, let M2 be a proper CR-warped product in an l.c.K. manifold M and 
the Lee-vector field a" be tangent to M2. 
Remark 5.3.2. By Proposition 5.2.1, in our case, the Lee-vector field a" 
is in D. 
On the other hand, we have from Proposition 5.2.1 and (5.2.1) 
g(h{ei,ej),e*i) = g{ei,ej)gipKei) = -5ijg{a\e*i) - 0 
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for i,j G {l,....,2q} and I G {2q + l , . . . . ,n}. This means that 
(5.3.11) g{h(D,D),JD^) = 0. 
So we have 
n f 2q n n "\ 
l=2q+l I t= l j=2q+l i,j=2q+l } 
2q n n 
= ^J2 J2 9ih{ei,ej),e^)^+ ^^ g{h{euejlelf 
i= l j,l=2q+\ i j , i=2q+l 
Next by virtue of (5.2.3), we get 
c/(ft,(ei,ej),e*) = -{Jei Inf + g{a\jei))Sji 
for i G {1,... . , 2q} and j , I G {2 '^ + 1,...., n}. So, we have 
n 
(5.3.12) 5 3 5(/i(ei, e,), e^f = (Je^ Zn/ - giP\ ei)fq 
j,l=2q+l 
Thus we have from (5.3.12) 
2q n 
\\hf>2j^{{Jeilnf-g{aKJei)fq}+ J ] ^(/t(ei,e,),er)2 
i= l i,i,i=29+l 
> 2 g 5 ] ; ( J e i / n / - ^ ( a « , J e O ) ' . 
1 = 1 
Thus we have 
2q 
(5.3.13) | | / if > 2q Y^iJei Inf - g{aK Jei)f. 
t = i 
Next, we consider the equaUty case of (5.3.13). Then we have 
g{h{TM, TM), ^l) = {0}, g{h{D^, D^), JD^) = {0}. 
By virtue of (5.3.11) and the above relations, we get 
(5.3.14) /i(A-D) = 0, h{D^,D^) = 0, h{D,D-^) c JD^. 
Hence, we have 
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Theorem 5.3.2. [9] Let M2 = NT ^-f N± be a proper CR-warped prod-
uct in an l.c.K. manifold M. If the Lee-vector field a" is tangent to M2, 
the length \\h\\ of the second fundamental form h satisfies (5.3.13). And the 
equality of (5.3.13) is satisfied if and only if the second fundamental form h 
satisfies (5.3.14). 
5.4. Generic Warped Product Submanifolds 
To extend the study of CR-submanifolds as warped product submanifolds 
of Kaehler and l.c.K. manifolds, we now consider generic submanifolds im-
mersed as warped product submanifolds in an l.c.K. manifold M. Thus, from 
now on, we assiune that Ni, N2 are non-trivial submanifolds of M, such that 
M = Ni Xf N2 is a. warped product submanifold of M. If one of the fac-
tors of M is a holomorphic submanifold, then M is called a generic warped 
product submanifold of M. CR-warped product and warped product CR-
submanifolds are thus special cases of generic warped product submanifolds. 
We begin the section with proving some relevant formulae for generic warped 
product submanifolds of an l.c.K. manifold. 
Proposition 5.4.1. [32] Let M be an l.c.K. manifold and N\ x j N2 be a 
generic warped product submanifold of M. Then, 
(5.4.1) g{h{X, Z), FW) = g{h{X, W), FZ), 
(5.4.2) hpDoiX, Y) = -g{X, Y)a],^o 
for each vector fields X, Y on the holomorphic submanifold 
other factor of M. 
Proof. By Gauss formula, 
g{h{X,Z\FW) = giVxZ,FW) 
- -g{JVxZ, W) - g{VxZ, PW) 
= g{{VxJ)Z, W) - giVxJZ, W) - g{VxZ7 
= g{{VxJ)Z, W) - giyxPZ, W) - gi^xFZ, W) - g{VxZ, PW). 
The first term on the right hand side of above equation is zero by (1.3.14) 
whereas by making use of proposition 1.2.1 and Weingarten formula, the 
other terms, in both cases, namely when Ni and N2 are holomorphic, are 
reduced to g{AFzX,W). This proves (5.4.1). 
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To prove (5.4.2), we consider (1.3.14) which impUes that 
9{{WxJ)Y, Z) = giJX, Y)g{aK Z) + g{X, Y)g{jJ, Z). 
Simphfying the left hand side, the above equation takes the form 
(5.4.3) g{h{X, y ) , FZ) = g{JY, VxZ) + g{Y, VxPZ) + g{X, Y)g{Ja\ Z) 
•Vg{JX,Y)g{aKZ) 
Case (i) When A^ i is holomorphic, then by using Proposition 1.2.1, the 
above equation yields 
(5.4.4) g{h{X, y ) , FZ) = g{JX, Y)g{J, Z) + g{X, Y)g{Ja\ Z) 
from which one might drive 
(5.4.5) g{h{X, y ) , FZ) = -g{X, Y)g{a\ JZ) 
and 
(5.4.6) g{JX,Y)g{a\Z) = ^. 
It follows from (5.4.6) that either the holomorphic submanifold A^ i is trivial 
or the Lee-vector field is orthogonal to the submanifold N2. 
On account of the above observation in (5.4.5), it follows that, on a non-
trivial generic warped product submanifold of an l.c.K. manifold, 
(5.4.7) g{h{X, y ) , FZ) = -g{X, Y)g{a\ FZ). 
Case (ii) When 7^ 2 is holomorphic, then by using Proposition 1.2.1, 
equation (5.4.3) yields 
(5.4.8) g{h{X, y ) , FZ) = {Zlnf - g{a\ Z))g{X, JY) 
+ {PZlnf-g{J,JZ))g{X,Y). 
Comparing symmetric and skew-symmetric parts in the last equation, we 
obtain 
(5.4.9) g{h{X, Y), FZ) = {PZlnf - g{aK JZ))g{X, Y), 
and 
(5.4.10) Zlnf = g{a\Z). 
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On account of (5.4.10), we deduce that 
(5.4.11) gihiX, Y), FZ) = -g{a\ FZ))g{X, Y), 
Thus (5.4.2) is proved in view of (5.4.7) and (5.4.11). 
Theorem 5.4.1. [32] Let M = Ni Xf N2 be a generic warped product 
submanifold of an l.c.K. manifold M. Then 
(5.4.12) Uilnf = gia^Ui) 
for each Ui G TNi, or else Mis a CR-warped product submanifold. 
Proof. If A^ i is a holomorphic submanifold, then for Ui E TNi and 
U2,V2E TN2, we might write 
g{h{JUuU2),FV2) = g{Vu,JUi,FV2) 
= 9{{^u,J)Ui, JV2) + g{Vu,Uu V2) - 9{Vu,JUi,PV2). 
The right hand side, on account of (1.3.14) takes form 
-g{a\ Ui)g{U2, V2) - ^ ( Ja«, Ui)g{U2, PV2) +9{Vu,Ui, V2)-g{Vu,JUi, PV2). 
which, by making use of Proposition 1.2.1, is reduced to 
{Uilnf - g{a\ Ui))g{U2, V2) + (^(Q", JUi) - JUilnf)g{U2, PV2). 
Thus, 
(5.4.13) g{h{Ui, U2), FV2) = {g{a\ JU,) - JUilnf)g{U2, V2) 
+ {Uilnf-g{J,U,))g{PU2,V2). 
By making use of (5.4.1), it can be deduced from (5.4.13) that 
(5.4.14) g{hiUi, U2), FV2) = {g{ai, JUi) - JUilnf)g{U2, V2) 
and 
(5.4.15) {U.lnf - g{aK Ui))g{PU2, V2) = 0. 
It Mlows torn (5.4.15) that either M is a CR-warped product subrmnifold 
or 
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In contrast, if N2 is holomorphic, then (5.4.12) is proved by virtue of (5.4.10). 
This proves the assertion completely. 
As an inmiediate consequence of Theorem 5.4.1, we might state 
Corollary 5.4.1. If the Lee-vector field a^ is orthogonal to the first factor, 
then a proper generic warped product submanifold Ni Xf N2 of an l.c.K. 
manifold is a generic product, i.e., a trivial warped product submanifold. 
Thus, a proper generic warped product submanifold might be found in an 
l.c.K. manifold if the Lee-vector field has a non-zero component along the 
first factor. 
Example 5.4.1. [32] Let M = S^ x S"^ and E =span {ci, 62,...., 65}. Put 
4 
5^ = 5^ n S and M | = {x = Yl ^i^i G 5"^  : 0 < X5 < 1}. For each point 
t=i 
X G M^, let D ; be the subspace of r ^ M | defined by D'^ = {U E T^M^ : 
([/,Jox) = 0,([;,e5) = 0}. 
For each point (e", x) e S'^x Mj , let D(e", x) be the subspace of T(e", x)M 
defined by 
D{^\x) = {(0,C/) e r ( e " , x ) M : U e D'J. 
Then, we might easily observe that M — S^ Xg.t M^ is a proper generic 
warped product submanifold of M with the holomorphic distribution D. 
In particular, for generic warped product submanifolds of Kaehler mani-
folds, we conclude. 
Corollary 5.4.2. There does not exist a generic warped product subman-
ifold in a Kaehler manifold with first factor to be a holomorphic submanifold 
unless the second factor is totally real. Also, there does not exist a generic 
warped product submanifold in a Kaehler manifold with second factor to be a 
holomorphic submanifold, i.e., the only generic warped product submanifolds 
in a Kaehler manifold are CR-warped product submanifolds. 
Note: Corollary 5.4.2 generalizes the result of B. Sahin [49] concern-
ing the non-existent of warped product semi-slant submanifolds in Kaehler 
manifolds. 
Theorem 5.4.1 ensures the existence of generic warped product submani-
folds in l.c.K. manifolds with a" having a non-zero component along the first 
factor. The statement can further be extended as: 
Theorem 5.4.2. [32] Let M = Ni Xj N2 be a generic warped product 
submanifold of an l.c.K. manifold M. Then the Lee-vector field is orthogonal 
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to the second factor N2. 
Proof. Case(i) Let Ni be holomorphic. In this case the assertion directly 
follows from (5.4.6). 
Case (ii) Let Ni be holomorphic. Then, by Gauss formula, we might write 
g{h{UuU2),FVi) = giVu,U2,FVi). 
for each Ui,Vi E TNi and U2 E TN2. By applying Proposition L2.1, the 
right hand side of the above equation is reduced to g{(yuiJ)U2,Vi). Now, 
by using (1.3.14), the equation takes the form 
(5.4.16) g{h{UuU2),FVi) = 9ia\JU2)giUi,Vi) -gia\U2)g{UuPVi). 
Making use of (5.4.1), we deduce from (5.4.16) that 
(5.4.17) g{h{Ui,U2),FVi) = g{c^,JU2)g{U,,Vi) 
and 
(5.4.18) g{a\U2)g{PUi,Vr) = 0 
If M is proper, then (5.4.18) implies that a" is orthogonal to N2. In contrast, 
if M is a warped product CR-submanifold, then the assertion follows from 
Proposition 5.2.1. This proves the theorem. 
Corollgiry 5.4.3. A generic warped product submanifold M of an l.c.K. 
manifold M is trivial if and only if the Lee-vector field is normal to the 
submanifold M. 
The proof follows from Theorem 5.4.2 and Corollary 5.4.1. 
Note: The above corollary is an extension of the condition for CR-submanifold 
to be a CR-product in an l.c.K. manifold (cf. [8]). 
Corollary 5.4.4. Let M he a proper generic submanifold immersed as 
warped product submanifold in an l.c.K. manifold M. Then h{U\,U2) € /x 
for each Ui G TNi and U2 e TN2. 
Proof. When A^ i is holomorphic submanifold, the proof follows on account 
of (5.4.12) in (5.4.14). In contrast, when N2 is holomorphic, then by (5.4.17) 
gih{Ui,U2),FVi)=g{a\JU2)giUi,Vi) 
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The proof follows from the above equation on account of Theorem 5.4.2. 
If NT and 7V° denote the holomorphic and purely real submanifolds of an 
l.c.K. manifold M, then the two cases of generic warped product submanifolds 
are N^XJNT and NT^JN^. Let dim (M) = 2m, dim (M) = n, dimiNr) = 
2p, dim (7V°) = q i.e., 2p + q = n. Further, let {ei,e2, ....,ep,ep+i = 
Jei,....,e2p = Jcp},{e2p+i,•••-,€„},{El,E2,....Eg} and {Eq+i,Eq+2,....,E2Tn} 
be the local orthonormal frames on T{NT),T{N°),F{TN°) and //, respec-
tively. 
Theorem 5.4.3. [32] Let M = Ni Xf N2 be a generic warped product 
submanifold of an l.c.K. manifold M. Then the squared norm of the second 
fundamental form h of the immersion of M into M satisfies 
(5.4.19) \\hf > 2b||a«,(^^o)||' + E 9(5(«''' «^ i^) - -^^il^ffl 
i= l 
if the first factor of M is holomorphic submanifold of M, and 
(5.4.20) ||/i|p>2p||a!,(^^o)|P 
if the second factor of M is holomorphic in M, where cJp(TNO) denotes the 
component of a^ in F(TN^). 
Proof. The squared norm of the second fundamental form of M into M is 
defined by 
2?7i—n n 
It can be expanded as 
9 n 2m—q n 
^ = Y^Y1 3iK^i^ ej), Fe2p+k? + X ] IZ ^iK^i^ ^j), Erf 
fc=l i,j=l r=q+l ij=l 
q n 
- I Z S 9ih{ei,ej),Fe2p+kf 
fe=l i,j=l 
(5.4.21) \\hf >i2[fl9ih{ei,e,),Fe2p+.)^ 
fe=i t , j=i 
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2p 2p+q 
+ S IZ 9iKei,ej),Fe2p+ky]. 
1=1 j=2p+l 
Case (i) When Ni is holomorphic submanifold of M. In this case, by virtue 
of formula (5.4.2), the first term on the right hand side of inequahty (5.4.21) 
reduces to 2p||Q!Ly^o)||^  whereas the second term, by virtue of (5.4.14), is 
reduced to ^q{g{oi^,Jei) — JeilnfY. Therefore inequality (5.4.21) in this 
case takes the form 
2p 
\\hf > 2\p\\o^^F^TN0)f + E9(5(«" ' '^^') - J^il^f?]-
i= l 
Case (ii) When N2 is holomorphic submanifold of M. In this case, the 
assertion follows from inequahty (5.4.21) on account of Corollary 5.4.4 and 
formula (5.4.2). 
The equality in (5.4.19) and (5.4.20) holds if the prnrely real distribution 
is totally geodesic in M and h{U, V) lies in F(D°) for each U,V e Z?°. 
83 
REFERENCES 
1 J.K.Beem, Global Lorentzian Geometry, Marcel Dekker, New york, (1996). 
2 A.Bejancu, CR-submanifold of a Kaehler manifold I, Pvoc. Amer. Math. Soc, 
89 (1978), 135-142. 
3 A.Bejancu, CR-submanifold of a Kaehler manifold II, Trans. Amer. Math. 
Soc, 250 (1979), 333-345. 
4 A.Bejancu, M.Kon and K.Yano, CR-submanifold of a complex space form, J. 
Diff. Geom., 16(1) (1981), 137-145. 
5 A.Bejancu, Geometry of CR-submanifolds, D. Reidel Publ. Co., Holand, 1986. 
6 R.L.Bishop and B.O'Neill. Manifolds of negative curvature, Trans. Amer. 
Math. Soc, 145 (1969), 1-49. 
7 D.E.Blair and B.Y.Chen, On CR-submanifold of almost Hermitian manifolds, 
Israel J. Math., 34(2) (1979), 353-363. 
8 D.E.Blair and S.Dragomir, CR-products in locally conformal Kaehler mani-
folds, Kyushu. J. Math., 55 (2001), 337-362. 
9 V.Bonanzinga and K.Matsumoto, Warped product CR-submanifolds in locally 
conformal Kaehler manifolds. Periodica. Math. Hungarica, 48 (2004), 207-
221. 
10 E.Calabi, Isometric Embeddings of complex manifolds, Ann. of Math., 58 
(1953), 1-23. 
11 B.Y.Chen, Geometry Of Submanifolds, Marcell Dekker inc.. New york, 1973. 
12 B.Y.Chen and K.Ogiue, On totally real submanifold. Trans. Amer. Math. 
Soc, 193 (1974), 257-266. 
13 B.Y.Chen, C. S.Houth and H.S. Lue. Totally real submanifolds, J. DiflF. Geom., 
12 (1977), 473-480. 
84 
14 B.Y.Chen, Diff. geometry of real submanifold in Kaehler manifold, Monatsh. 
Math., 91 (1981), 257-274. 
15 B.Y.Chen, CR-suhmanifolds of a Kaehler manifold I. J. Diff. Geom, 16(2) 
(1981), 305-322. 
16 B.Y.Chen, CR-suhmanifolds of a Kaehler manifold II. J. Diff. Geom, 16(3) 
(1981), 493-509. 
17 B.Y.Chen, Slant immersion, Bull. Aus. Math. Soc, 41 (1990), 135-147. 
18 B.Y.Chen, Geometry of warped product CR-suhmanifolds in Kaehler manifolds 
I Monatsh. Math., 133(3) (2001), 177-195. 
19 B.Y.Chen, Geometry of warped product CR-suhmanifolds in Kaehler manifolds 
II. Monatsh. Math., 134(2) (2001), 103-119. 
20 B.Y. Chen, On isometric minimal immersion from warped products into real 
space form, Proc. Edinburg Math. Soc, 45 (2002), 579-587. 
21 B.Y.Chen, Another general inequality for CR-warped products in complex space 
form, Hokkaido Math. J., 32 (2003), 415-444. 
22 B.Y.Chen, Realization of Roberts on-Walker space-time as affine space, J. Phys. 
A., 40 (2007), 4241-4250. 
23 N.Ejiri, Some compact hypersurfaces of constant scalar curvature in a sphere, 
J. Geom., 19 (1982), 197-199. 
24 T.Pukami and S.Ishihara, Almost Hermitian structure on S^, Tohoko Math. 
J., 7(3) (1955), 151-156. 
25 A.Gray, Almost complex submanifolds of the Six Sphere, Proc. Amer. Math. 
Soc, 20(1969), 277-279. 
26 A.Gray, Nearly Kaehler manifolds, J. Diff. Geom., 4(3) (1970), 283-309. 
27 A.Gray, Some examples of almost Hermitian manifolds, Illinois J. Math., 10 
(1966), 353-366. 
85 
28 S.Hasan and S.I.Husain, Generic submanifolds of locally conformal Kaehler 
manifolds, Soochow J. Math, 14 (1988), 111-117. 
29 S.W.Hawkings and G.F.R.Ellis, The large Scale Structure Of Space-time, Cam-
bridge Univ. Press, Cambridge, (1973). 
30 S.T.Hong, Warped products and black holes. Nuovo Cim., B120 (2005), 1227-
1234. 
31 S.Hiepko, Eine Innere Kennzeichung der verzerrten Produkte. Math.. Ann, 
241 (1979), 209-215. 
32 N.Jamal, K.A.Khan and V.A.Khan, Generic warped product submanifolds 
of locally conformal Kaehler manifolds, Acta Mathematica Scientia 30B(5), 
(2010). 
33 T.Kashiwada, Some properties of locally conformal Kaehler manifolds, Hokkaido 
Math. J., 8 (1979), 191-198. 
34 K.A.Khan and V.A.Khan, On the Integrability of the Distribution on a CR-
submanifold, Anal. Stii. Ale. Univ. Al.I. Cuza. lasi. Spec., 38(4) (1992), 
367-378. 
35 K.A.Khan, V.A.Khan and S.I.Hussain, Totally umbilical CR-submanifolds of 
nearly Kaehler manifold, Geometriae Dedicata, 50(1) (1994), 47-51. 
36 V.A.Khan, K.A.Khan and Sirajuddin, Warped Product CR-Submanifolds in 
nearly Kaehler manifolds, SUT Journal of Mathematics, 43 (2007), 201-213. 
37 V.A.Khan and M.A.Khan, Semi-slant submanifolds of a nearly Kaehler man-
ifold, Turk J. Math., 31 (2007), 341-353. 
38 V.A.Khan, N.Jamal and , A note on warped product submanifolds of nearly 
Kaehler manifolds, Toyama J. of Mathematics, 32 (2009), 59-73 
39 V.A.Khan and N.Jamal, Semi-slant warped product Submanifolds of a gen-
eralized Complex Space form, Balkan J. of Geometry and its AppUcations, 
Reprint 
86 
40 S.Kobayashi and K.Nomizu, Foundations Of Differential Geometry Vol. I and 
II John Wiley and Sons, Newyork, (1963), (1969). 
41 G.D.Ludden, M.Okiimara and K.Yano, Totally real submanifolds of complex 
space manifolds, Atti. Accad. Naz. Lincci. Rend. CI. Sii. Fis. Mat. Natur., 
58 (1975), 346-353. 
42 K.Matsumoto, On CR-submanifolds of locally conformal Kaehler manifolds I, 
J. Korean Math. Soc, 21(1) (1984), 49-61. 
43 K.Matsumoto, On CR-submanifolds of locally conformal Kaehler manifolds II, 
tensor N.S., 45 (1987), 144-150. 
44 A.Mihai, Warped product submanifolds in complex space forms, Acta Sci. 
Math.,70 (2004), 419-427. 
45 A.Mihai, Warped product submanifolds in generalized complex space forms. 
Acta Mathematics Academiac, 21 (2005), 79-87. 
46 M.I.Munteanu, Doubly warped product CR-submanifolds in locally conformal 
Kaehler manifolds, Monatsh. Math., 150 (2007), 333-342. 
47 S.Nolker, Isometric Immersions of warped product. Differential Geom. Appl, 
6 (1996), 1-30. 
48 N.Papaghiuc, Semi-slant submanifolds of Kaehler manifold. An. St. Univ. 
AI. I. Cuza. lasi, 40 (1994), 55-61. 
49 B.Sahin, Non-existence of warped product semi-slant submanifolds of Kaehler 
manifold. Geom. Dedicata, 1172 (2006), 195-202. 
50 B.Sahin, CR-warped product submanifolds of nearly Kaehler manifolds. Con-
tribution to Algebra and Geom., 49(2)(2008), 383-397. 
51 M.Sato, Certain CR-submanifolds Of Almost Hermitian Manifolds, D. Reidel 
Pub. Co. Boston, 1985. 
52 K.Sekigawa, Some CR-submanifolds in 6-dimensional sphere. Tensor (N.S), 41 
(1984), 13-20. 
87 
53 K.Seongtag, Warped products and Einstien metrics, J. Phys. A., 39 (2006), 
L3229-L333. 
54 F.Urbano, CR-submanifolds Of Nearly Kaehler Manifolds, Doctorial Thesis, 
Granada, (1980). 
55 I.Vaisman, On locally conformal almost Kaehler manifolds. Israel J. Math, 24 
(1976), 338-351. 
56 I.Vaisman, On locally and globally conformal Kaehler manifolds. Trans. Amer. 
Math. Soc, 262(2) (1980), 533-542. 
57 K.Yano, Differential Geometry On Complex and Almost Complex Spaces, Perg-
amon Press, 1965. 
58 K.Yano and M.Kon, Anti-Invariants Submanifolds, Marcel Dekker Inc., New 
York, 1976. 
59 K.Yano and M.Kon, Totally real submanifolds of complex space form II, Kodai 
Math. Sem. Rep., 27 (1976), 385-399. 
60 K.Yano and M.Kon, Structures On Manifolds, World Scientific Press Singa-
pore, (1984). 
88 
